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Pythyorean triples
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Goal ! Find all X. Y - 3 z2 satisfying

xx ま=と

Observation : If (0-YorZo) is a solution. Then

God-Yod- Zod) us also a solution - where de 2.

Idea : Suppose ZFO and (X
. 8) = 1

.

Fucter :(AtYuysx- yo )
=

Z ㎡



If we can show

(xtyi . X - yil = 1
.

then X + Yi=. B
2 BERTi]

unit= 1 1. Ii

Say B = U+ Vi - U . V- 2.

Then 12 = (n+ vi)" = (n= v4 + 24v . i

3B2 = ㅣ
(2 -vy +2 UV、 で 계

ー ( u、 ㎡) - 2 KVo ε= 1

- ZKV + ( ω^- ㎡ ) で ε こで

24v- (n2-v2) i 5F- i



る。 λ t oY = 土 ( µ^_ v
㎡
) ≠ 2 UV . で

or = [2UV = : /n v2) .

=> (x-y) = ( + (m2vY . 12Uv)

or = (I2UV- -> n2-v"

=> 22 = x"+ Y" => (b=v2)"+(24v)2

= ( ω^+ v)
2

⇒Z 二 土 ( ㎡+㎡ )、



Now we solv X+ Y2 = 22 completely

1 . Z = 0 : x = Y = 0 .

2. ZFO : Then X-Y are not both 0.

Let d = (x-y) .
Then dlx-dly and so

d4x2 and d2172. Thus
. d422 . Henze - dlZ.

Write X = Xid - Y = 3 , d- Z = GD . Then

x, ix
y

.
s =Zf .

where (XI - 8.) = 1
.

2)Z, is even -
X+ YP = O (mod 4). Since XP-Y

≡ 0
. 1 lmod41 - we knowA . Y'

s

0 ( mod 4 ).



So2/X. - 217 , - contradicting (x1- 8) = 1.

Hence 247 .
As a result · exactly one of X1-y /

is even.

Now factor

↓ + 4, v) (x , - 9, v) = Zi .
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Let 7) 3rd(-1). Then 11d - T15 .

So

π / α t よ → 2λ 1

π I α~* = 2y , " δ => 지고 y,

Uhit

=> / (2x . 2411 = 2/ . J . )
* 9cd of -Y ,

in 2T2]
- but

~ we showed that this is I when
2 (ir 81) = 1 in 7.



& x /2 .
Thus NIAI = ** = 2. But

π (2 .π は ⇒はの =_

고

soZp is even - impossible. Hence
.
(2
. I) = 1

.

Sinced5 = Zi . I unit 5 and B = U + IVERT]

Si. 2.

α= と 、㎡

As sketched earlier-

4= ち (っv 2) 。 Y に 2kv 」 こよし )

아

X=± 26 V ーY によ() ーそによし* )、

Primitive solutions : (K
.
V) = 1

. exactly one of which is even



Thus

x =Ʃ し ㎡っ㎡ )d。 Y 味 £ 2 kvd
。
= よ (vild、

아

λ =± 2uvd
- Y = は (-1 d」 とこゎ+vid .

These are all solutions of we allow d to be O.

Fermat's Last Theorem :

Xntyn = Zn ( ns 2 )

has no solutions (x-y . 2) with N
. Y . Z FO .

This wa proved by Wiles and Wiles - Taylor (1995) .


