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in EIe ] Pell's equations x
"
- dY" = [ 1.

Thr. The units on [IE] are

± E
0

n
= £ ( + E)"

。
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Equivalently . The set of units under multiplication is

an abelian group generated by -1 andSo.



Note ! ( 1 +会 ) (~ 1 +2 ) = - R+ (2 )
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So sot = HE = 5-1 E[TE]
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Eo = ItE snnifies NKC) = 1 2 2 . 1" = - 1

N1S.) = (NIEo))" = 71/" - n1 0.

N ( E0
~ n) ÷ LE 0Y]"

=
( N(-1 + VEJ) "

=
- 1)

m

。 UaO .

So I so" (nE2) are units in 2TE] .



Pf . Already verified that 16 (nE2) are units.

Step 1
.

Show So is the least unit > 1.

Assume /S E = x + JEJEo = /E is a unit.
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Thus

1
1-yB1 =

Ixter)
> 1 .=)-KX-15sI .

②

0 + Q : 0 < 2x > 2 +E => 0 ¢ x < 1+* ( 2.



So x = 1
. But x= 24 = 11. .

So Y = 0 . 2 1.

Since 135 = XTYF > 14E - impossible .

Hence no unit lies in 11-90) .

Step. 2 Show that any unit is one of 150" (NED).

Let a be a unit . If < < 0 . We argue for -530 .

If OCE < 1 . Then we argue for the unit St > 1.

So may assume d 1 .

I n " >

E0= 1 do E ...nnt ...

=> n 1 0 c. t. So" ? 3) E
.
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Then the unit 38 toes in [1-60) .

Step 1 shows that there is no unit in 11-901 .

So EEo
- h
a 1

.
ve .. E = E

0

"
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If En = [9 = XuTYnr - where An . Int 2 . Then

An-2yn2 = NIEn) =(NICol)" = 711".

So even values of n gives all X-YEI satisfying

03- 2Y㎡= 1
」

and old values ofa gives all X-YE] satisfying

6 ≥ 2y
=
- 1 .



Than (Primes in ITE)) Let TERTE] be prime .

1. T12 with INK11 = 2 : [9E (nE2).

2
. π= P ≡ ち 3 ( med 8 )oroneof£ E 0

"

p

- ( nEz ) .

3. x = X +JE/P with X-YF0-where PEEImod8) .

In fact.

IN (π)=ππ\= N -2 yy = .

2) it us such a prime divilor of p-there are

-> prime divisousof p in total:

↓ Eo" T . I do *.

So there ar exactly 10 ways of writing P = /x"- 2741.



Ex
.

Find all units and classify all the primes in

Z [s ] .

Note : &"- 3y2 = - I has no solutions.

1 .
x

" t 1 = 3
Y
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odd . So 3y2 * A + 1 - but x"+ / is. So

↓ by2 = -1 has no integersolutions,

(Or just Mod 3 : x2 - 1 (mod 31 - impossible) .

2
. x23y2 = I has a solution do = 2 + 5.

Show do is the heast hot >1 and every unit is

one of19 (nEZ).



More generally. &2- dy2 = - I may not have a

solution -
but X2- dy2 = / always have asolution

So = XO4 YOU . The Lease unit > 1 .
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fundamental unit : every naie in 2TA]

is one of13 -
When x2-dry = - 1

has no solutions,

If - dy2 = - 1 has a solution Sos1
- The Least

unit> / . Then every unit is one of I1E1.


