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1. Units in 2TA] when d < 0
.

&d = - 1 : 11 . I i

& d > - 1 : El

Ex
. If d = - m" > - 1

.
Then RI] = RTmi] is

not a UFD :

uhit

↓
m2 = m. . m = 1- 1) mi. . mi.

Claim : Mi is prime in 2[mi].

Pf . Let C = xx min /mi. Then



NK1 = x+ my2/NImi) = m2

So m2 x+ m2y . Hence Y = 0
.
11 .

(1) J = 11 : X = 0. & = 1 Mi is an associate

of m ㎡

( 2 ) y = 0 % α = λ 1mi -so B = EZ [miI

D If x = 51 - then L = 11 is a unit. -

& If x* 1 . then P= My #2Tmi] -

a contradiction .

(In fact , one can deduce XIm

from NIC) = x4m"
.
but we can certainly avoid it)

So me is prime.



ReturnTo
unit

m
"

=> m. . m = 1- 1)mi. mi.

↓
↑rime

SinceM = = - 1A2[mi] mixm. Hence

mi wite never show up in the factorization

mmm =( , M ... Fk) (TIP2 ... Tk) .

ー

nm



2. Primes inR7i] .

& I/ & i are prime and they are prime factors of
2

& P = 3 (mod4) and its associates are prime :

λ
z
* y

"

# P

③ PEI (mod 4) is notprime in 22i] :

雪 λ - Yn . τ .

x㎡+ y㎡= P
~

(x+yi ) ( x- yi )

Lem
. Every prime in 27i] divides exactly one prime

number.



Existence ! π /N(π ) =P ,P … Pk =uolied π l pj for some j .

Uniqueness : DIP-718 (PF8)

Bézout
=> EX.YEZsit. PX + 34 = 1.

⇒1 1

=> I is a unive X

Note : Th uniqueness actually proves that of a bE R

with godla . b) = 1 in 2 . Than godla-b) = 1 in [Ti] .

The converse is also true.

Thm (Primes in 2Ti])
. Let TE RTid be prime.



. π= 士 はでに 、

2
. A = PE3 (mod 4) or one of its associates

3. A = XxiY/P with X-YF0-where P = / /mod 4) .

In fact.

N (π) =ππ=λ㎡+ z
2
= P .

If I is such a prime divilor of p-there are

8 in Total :

土 π 一过 π 一土元 。 土 0 π 。

namely - associates of it and it
. So there ar exactly

8
ways of writing p as a sum of two squares .


