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Primes in [Ji]

Lem
. Every prime in 27i] divides exactly one prime

number.

Note : For a . b > 2.

gadle . b) = 1 in 2 E> gadle . b) = 1 in 2[i] .



Than (Primes in 2Ti])
.
Let TE Rid be prime.

1
.
π 二土 はでに 、

2
. A = PE3 (mod 4) or one of its associates

3. A = XxiY/P with X-YF0-where P = / /mod 4) .

In fact.

N (π) =ππ= x㎡+ z ㎡= p .

If I is such a prime divilor of P-there are

&prime divisors of p in total !

±π 一过 i π 出在土心 π ,

So there ar exactly
8
ways of writing P = x*+ Y

.



Pf .

Let iE RTr] be prome. There is a unique prime

numbe p st . Alp . Say * = Xx Yi. Then

W (π ) = x=+ y
2 | N (p ) = p ㎡

る
。

↓. NIA) = P2 : & is an associate of P-hence p

is prime inR2i] .

2. NID) = P.

11) P = 2 : N121 = x4 Y = 2. Solving this gives

(x-y) = (1). [ 1) .

These corresponds to A = -12 i. Clearly -



2 = (+ i ) ( ル 〜 i )
」

so I is not prome in 27iJ .

(2) PE3 (mod 4).

Want to show p is prime - v
.

e . any divisor

&/p is either a unit or an associate.

Assume CIP is not a unit or an associate. Then

with α= Z 4Wi .

N (α ) = z ㎡+ w ㎡
= p .

Since2? . W2 = 0 or 1 (mod 4) . 2tW" = 0 . 1 or I

(mod 4) - a contradiction. This shows p is prime .



Recall TIP .
So A = P or an associate of P.

(3 P = / (mod 4) .

Want to show p os not prome :

Since-1 R p. EXER st. X*= - 1 kodp) .

る。 λ
t

1 ≡ 0 lmod plo vie .
.

p/x> 1 =(x+ i) (x- i).

By Euclid-plxxi or plx-i .

But neither can

happen because

” =社
≠

ZEiI -

a contradiction. So p is not prime in 221] .



Thus

N(π ] =ππ= (x+ Yi ) ( x- yi ) = x =+ y㎡= P .

Because 2Ti] is a UFD- any prime factor of P

muse be an associate of A or 7 .

Moreover- p isa prime number =) X . YF0

lol Flyl
.

So the associates of D = XXYV :

xt yi . - 4 - yi .
- ytxi - y - xr .

which are distinct - and the associates of * = X-Yi :

x- Zyi . - xtyi . ytai . ny - xi -



which ar distinct . are pairwise distinct. So there are

exactl 8 prome factors of P-given byD-F and

their associates.

As a consequence. There are exactly 8
ways of

expressing p as a sum of two squares
:

□p = ( はXR + は
Y

〜 4
choices

"

= はYhoica
,

?

Pytheyonean trophes.

x
'

+ y
=
Z 」

x
-
y 。 Z ε Z .

Z

38 Eg
.
(x. y. 2) = (3 . 4-5). (5. 12 . 13) .

x



Goal ! Find all X. Y - 3 z2 satisfying

xy ㎡
→

Z .

Observation : If (0-YorZo) is a solution. Then

God-Yod- Zod) us also a solution - where de 2.


