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The /Fundamental Thm of Arithmetic Every n2 1 can be

written as a product primes - uniquely up to the order

of the prime factors.

Thm (Division Algorithm) . Let a . beZ . b 0 · Then there are

unique 8 .
UEI with OSPX/bl

.

S
. 7.

a = qibt p .

4 4
quotient remainder

Pf .
Exercise

Eog .
1 . aaoo - b = 13 : l0 o = 12 ft . ↑



2
. a = 100 .

b = - 13 : l0 o = - 13 . -7+ 9
q r

3 . a = - 100 .
b =13 : ~ 100 = 13 . ~ 8 + 4

q γ

Recalli

Lem 1 . 1 . Every USI has a prime divisor

If of Existence Part of FTA : Let n31
. By Lem 1 . 1.

n = P
, h . / is prime -

13 M
.

nial : naPil = P
. √

n> 1 : By Lem1 .
1 again.

h = P2 M2 - R2 is prime - 1,> h2.

n2 al : niiPz に P2 - napin = BPI √



12 / : Continue und we get

n = PiP2 Peo nkyahk = l .

T

We ar done. □

Defu (Ideats) Let R be a comm ring.
An ident of R is

a see I fit :

CG ) OEI

( 2 ] X
- YEI Z⇒ λ+ YGI

(3) rEK . X + ] =

) rxe] .



E.
g.
(Ideals of 2) : I = deven integers]

Im > In : m/n]
. meR nonzero .

Defu (Principat Ident) An ident I of R is called

principat if I = /rx : VERY for come xER.

Defu (Principal Ident Domain) A domain D is rolled a

PID if every ident of D is principal.

Prop 2
. 1 .

Z is a RID
.

If .
Let I be an ideal . Need to show I = In : m/mb for

sotke M



2- dob /

2 &03 : I contains some m20 . We may assume m

us the minimal positive element,

Claim : I = In : mIn) ,

En : m/u] = I:

2 In : m/n] : Take any neI . By DA -
can write

n = g.m + r - 04m.

I
N

PaN- EI ⇒ rao ⇒min . □

곳 모

Notation : (m> = In : miny .

Defu (G(b) Let a
. be E - not both 0. Then the gad of



a b is a positive integer .
& 1 . T.

(1) d/a . alb

(2) ( /a .
1lb =

) c Id .

We white gedlab) = d or simply lab) = d.

Lem (Bezout's Temmal Let a.be E
- not both 0

· Write

d = (a- b) and consider lab = lux+ by : X-ye 2] . Then

Zab is an vident and Zab = (d)
· Consequently · There

are X-yez it . ax+by = &.

Pf . Zurb is an ident (Ex) .

Zarb = (d) : cla-alb => claxtby = ex+ by E (d) ·



Sd > [ Za
.

b ! By Prop 2
. 1 . Zab = (m > for come meR.

Need to show mid . Since arbeZab- mla-mlb .

so mld .

□

Lem (Euclid's Temmal Let a
.bEE and let p he prime.

Then plab => pla or plb .

by . Ha

Pla ! (a
. p) = 1 (Ex)

,

Bezout's temma) aX + py = 1 - for come X
- YeZ.

= abx + pby = b.

plab - plp = plab - x + p . by => plb .
□


