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Recatt :

Prop 2
. 1 . Z is a RID : Every ideat I of R is

Prncipul (of the form [ = (m >) .

Bezout's Lemma . Let a
-
beZ - not both 0

· Write

d = (a- b) and consider Lab = lux+ by : X-YE*] . Then

Zab is an ident and lab = (d)
· Consequently · There

are X-yez it . axtby = d.

Enclid's Lemma .
Let a

.bEE and let phe prime. Then

plab => pla or plb .



Kik 3
. 1

. Applying Euclid's Lemone repeatedly shows

pla,a... an => Pla for some Risk
.

Moreove r- ifM .... An are primes . Then

pla, a... an => P = R for some Kick
.

If of Uniqueness Part of FTA : Let as I .

O n is prime : n = n . l = 1 . n ~

② h is composite : Suppose h is minimal sit.

naRPz - PKS 618 f0 (Kzl )

are distinct factorizations .
Since 11 %- be - Enclid's Comma =>

↑ divodes some Ej .

But gj is prime .
So P = &j.



Rearrange 6....%1 s. t. 8j = % 1 .

So 1 = 81
.

n = FiPz … Pe → P182 … qu

⇒節 = 2 … PK=
ε 2

… とと .

RememberR is minimal and KP>U . A contradiction
.

1

7 TA can be resented as :

Thm (UF in 2) Every nonzero . nonunit neI can be written as

a product of primes and units uniquely up
to the order

of factors and multiplication by unies.

Note! A domain with such a property is called a unique factorization

domain (UED) .



Observation : The same proof shows that a domain equipped with

a DA (culled Enclidean domain) is both a PID and a UFD.

Thm. PID => hED ,

How to find godla-b) ?

Method 1
. Lise all common divisors and take the largest . "

Method 2
.
Factorize a.b and combine

. " Factorizing is

hard!

E
. g .

a = 63 = 30323 : T
⇒ (a

_
b ] ÷ 3 . 7 = 21 .

b = 42 = 2 .3 . 7

Method 3 . Euclidean alyorithm. "i

Zab = lux + by : X - Yez] = Ig
. a-b

= 2a
, a -2b

…



By DA
.

a = % . b + 0 . 0[U(b)
.
Then

Zarb = Zangb = Zar 1870)
.

keep going for ar until the relaider becomes 0.

E
.y . Find 11533 . 12251 .

1833 = 1225 . 1 + 308

1225 = 308. 3 + 301
^

924

る 。 8 → 3011 + 7

3 。 107 , 43 + 0

p

gol



Congruences ,

Defu(Congruence) Let a-b-m-2 with m # 0
.
We say

a is congruent to b modulo m if m/(u- b).

Notation . a = b (mod m)

"E"is an equivalence relation :

(1) Reflexivity : a = a (mod m) .

(2) Symmetry : G = b (modm/E) b = a kodm/

(S) Transitivity : nEb (modm) - b = c (mod m/

=> a = c (mod m) ,



Properties !

1 a
, = b

,
(mod m) . @2 = be (mod m/

ait m2 E bi t b2 (mod m)

⇒ {
d, az = b, 62 (mod m(

Special cases : 0 U Eb (modm) E) UIC EbE C (mod m)
.

② a = b (mdm) =) Ka = kb (modm(

③ a = b(monm) = ak= b
*

(mod m) -
k = 0.

22 a = b (modmn) =) a = b(modm)
.

a = b (modn) .

3 .ka ≡ kb(modm )s qa ≡ m . b(moe) ( d = (k
. m ) )

(K≠ O )

⇐> as b (hod 笑 )

Warning : 2 . 2E2 (mod 2)- but I E1 (mod 2).


