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Recall :

Congruences ,

Defu (Congruence) Let a-b-m-2 with m # 0 .
We say

a is congruent to b modulo m if m/(u- b).

Notation . a = b (mod m)

"I"is an equivalence relation :

(1) Reflexivity : a = a (mod m) .

(2) Symmetry : G = b (modm/E) b = a kodm/

(S) Transitivity : nEb (modm) - b = c (mod m/

=> a = c (mod m) ,



Properties !

1 a
, = b

,
(mod m) . @2 = be (mod m/

⇒

{
alf az 는 bi t ba (thod m )

d, az = b, 62 (mod m(

Special cases : 0 U Eb (modm) E) UECEbIC (mod m) .

② a = b (modm) => ka = rb (rod m/

③ a = b(monm) = ak= b
*
(mod m) -

k = 0.

22 a = b (modmn) =) a = b(modm)
.
a =b (modn) .

3 .ka ≡ kb(modm )② s a ≡ b(mol 9 )
- d = ( km )

Special cases : 0 If (k .m) = 1 · Then

ka = kb (modm) E) a = b (mod m).



② When m = kn.

Kazkb (mod kn ) ⇒ aib (mod n ) .

4. a = b (mom) - a = b (mod n)
巛

lease common multiple of m.n"
Es a = b (mod/mn) -d = (m -n)

Warning : 42 (Mods)
- 42 (mod 2)

But 4 ≡ 2 (mod 2 . 2 ) X

Defr (Residue/longruence class) A residue class mod m

is just an equivalence class under E . Explicitly

it is a set Ka = Snez : R = a (modml]
·
There

arei different residue classes mod m.



Observation : If a 02 ..... am are from different residue

classes mod m
. and if bEZ with (b

.
m = 1 . Then

ab-ab ..... amb also come from different residue

classes .

Why ? SayAbzajb (modm) . Since (b
- m) = 1.

a aj (modm) .

So =
j
.

similarly
- If a--al are the numbers from 1 to m

with yea I with m and if be with (bom) = 1-

then ab. ... ab represent all residue classes

with god I with m.



Exercise.

Ealer's Thm and Fermat's Little The

befu (Euler's totient function) Let m be a pative

integer. The Enter Totient function- denoted by Plms-

counts the number of integers InSm S . % . (n-m) = 1.

Eg . L . M = 12 : na 1.45 .7 - 8 . .1
lo

S
. Ψ ( 12 ) = 4 ,

2. Me is prime ! n= 1 - 2. 3... . - m-1 -/

So ¢ (m) = m- 1 .



Thn (Enfar) Let m be a positive integer and let

at 2 with (a . m) = 1 . Then

yPm) = 1 (mod m) .

Eoy .m = i は 。Q = 5 : 中 1 に ) = 4

a
φ(m )
= 54 = 5(

~

)
と

= (25 ])
=

로 ≡| (hod 121

≡ 뒤 (mod 12]

1f . Let 13 , >and ... (Apm & M be all the numbers

from 1 to m that haveyed I with m . Multiply

each of them by a:

9.. a - 22 : a
- .... Rosa



These numbers come from distinct residue classes that

have god I with me and hence they form a rearrangement

of s.... Aplms (mod 4m))
·

So

at alta 」 - cas ( nodm ).

15 gams (mod m □

Thm /Fermat) Let p be prime and GER with PXa .

Then

aP+ = 1 (mdp) .

Equivulently -
al = a (mod p) .

pf. Take m = p in Euler's Thre and observe (p) = -1 . 11



Linear congruence equations.

A linear congruence equation in unknown X is a congruence

of the form

ax + b = 0 (mod m)

or equivalently of the form

ax = 6 (mod m)

Q : 1
. When is it solvable ?

2. How many solutions ?

33 What do the solutions look like ?



Eg
.

3X = 6 (Rod 9) .

x = 0. 4¤
Solvable-

How
many ? 3 = God (3 . 9) .

+3
+ 3

Λ

Solutions : 2- 58.

Thm
.

The linear equation aX =b (modm) has

a solution of and only ofdlb-where d = gadla . m)-

in which case there are exactlya solutions. Moreover

ofTo is a solution- then every solution is of the form

* = Xo + komo where his
any integer ,


