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Two important thms.

Thm (Enfar) Let m be a positive integer and let

at 2 with (a .
m) = 1 . Then

ams (mod m ),

Thm /Fermat) Let p be prime and at & with PXa .

Then

aP+
= 1 (modp) .

Egnivalently -
a"E a lmod p) .

E.
g. Simplify 2100 (mod 13) .

p = 13 is prime -
100 = 12 . 8 +

4.

Fermat => 2100 = (2128 . 24 = 18 . 16 = 3 lod 13) .



Solving linear congruence equations

Thm
.

The linear equation aX =b (modm) has

a solution of and only ofdlb-where d = gadla . m)-

in which case there are exactlya solutions. Moreover

ofTo is a solution- then every solution is of the form

* = Xo + komo where k is any integer

E
. g.

Solve 12X = 18 (mod 42)·

d = (12
.
421 = 6 -

1118
. So it has 6 volutions

m

Dividing by 6 : IXE3(mol ? Xo = 5 is a solution ,

S all thesolutions are XE5 .
12 - 19 .

26
.
33

- 40 (mod 42)
·



More generally · One may study polynomial congruences

f(x) = 0 (mod m)
-

wher fix) = anx*+ AnyX*++.. + d
,
X + do with coefficients

do-M -... - An-* . (The set Zix] of all polynomials with

integer coefficients is a commutative ling under + and X-

and in fact -
a UFD (

Thm (Layrange) Let p be a prime and

f(x) = anx"+ anyXn+ + .. + a
,
X + d t z[X]

with plan. Then the congruence f(x) = 0 (modp) has

at most a roots.



If. Exercise . Hint : Induction on n.

Note : Lagrange's the may fait for a composite modulus :

* lOlmod8) has 4 roots : X = 1 .
3

. 5 . 7 (mod 8) .

Qudratic congruence equations .

A yundratic congruence equation in unknown X is of

the form

ax"+ bx + c = 0 (mod m) -

where a 0 (mod m).



Q : How to solve it ? Think of

ax
'tbxt c = 0

.

Completing the square :

a (x
'

t Ux ) t C = 0

a ( x
'
f xt (ba)

- (花)Ytc = 0

(x+ 長 )
~

a ( x+=一 に触

Obervations : 1 . Divisionis tricky and makes coefficients

no longer integers.

2. Don't know if we ran take o



Reduction : Muleplying ax"+ bx + C = 0 (mm) by 4a :

4a2X2 + 4abx + 4ac = 0(mod 4n m) .

4a
'
x

'

+ 4

abtbux
+ b )p

^
- b㎡+ 4a <≡ O (mal 4am)

(2ax +b)
"

E berMac God 4am)

Let Y = zax + b.
.

ThenThis is

y = * (mod 4um) ·

Our tash reduces to solving something like.

X = a (mod m) .

O : Solvable ? If yes ,

how
many solutions ?

We will focus on m=P is prime.



Lem . Let P32 be prome and at & st. pla . Then

x
2

sca (nod p )

has no solution or 2 solutions.

If . Assume it has a solution Xo
.
Let X be any

solution. Then

x≡a ( mmlp ) ①

* a (mdp) . &

Q -0 : X"- XoE 0 (modp) .

=> (x+ Xo)(x - X0) = 0 (modp) .

So Enclid => X + X = 0(mdp) or XX = 0 (mdp) .



SoX = -Xo (mep) or X = Xo (modp) .

Note that -to (mdp).

Why ! If
-* = Xo (mdp) .

Then Oz 20 (odp)

Enclid => P12 or plxo - impossible because P32 .

and PXC and= a lmdp). □

Goad : Given a prime p > 2-determine all the values of

aE2 (pfa) fr which = a (modp) is solvable,

Def (Quadratic residues & nonresidues . An integer a indivisible

by b is a quadraticresidue modp of there is



* lit
.

Xt= a lmodp) .

Otherwise - a is called a

quadratic nonresidue mod p.

Notation : Write a Rp of a is a residue mod p-

a Np of--- nonresidue modp.

Eg
. 1R3

: X = 1 blues y"z/ (mod 3) .

-> N3 : X *= -1 (mod 3) is insolvable :

1/ (mod 3)
.
2 = 1 (God 3) .


