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Last time !

Thm (Layrange) Let p be a prime and

f(x) = anx"+ anyXn+ + .. + a
,
X + d t z[X]

with plan. Then the congruence f(x) = 0 (modp) has

at most a roots.

Qudratic congruence equations .

We reduced

ax
'

t bxt c ≡ 0 (mod m .

to y(mod 4am) -
where C = b 2- 4ac

.

and

y = 2ax + b.



Quadratic residues & nonresidues modulo p > 2
.

Defn (Quadratic residues & nonresidues . An integer a with

pic . is a quadratic
↓

residue modp of there is

X It
.

** E a lmodp) .

Otherwise - a is called a

quadratic nonresidue mod p.

Notation : Write a Rp of a is a residue mod p-

a Np of a is a nonresidue modp.

Lem . Let P32 be prome and at & st. pla . Then

x
'

s ca (nod p )

has no solution or 2 solutions.



The proof shows that if XEXo(modp) is a solution
. so

is XE -Xo = p - Xo (mod p) .

p에
Lens . Let PS 2. There areI quadratic resolves and

bt quadratic nouresidues mod p.

Pf. The residues are

A : R 22 .
㎡
.

… 。 ( ;?
。

바HL 바 ⑪

B : (p- 1 )
(

p
-21 % ( p -3) ”… 。 (r_ 笑 ) ?

Take i = j2(modp1 . (ijs "I

=> d = j (modp) 00 v = -j (modph

As Iai . j ≤
"s

. ajl ≤ p . 1 .



So it j = 0 · hence i = j .

&There are "I residues and (P-1)-P4 = P3

□nonvelidues .

Thm /Enter's criterion-Version 1) .
Let ps2 and at se

pfa .

1) If a kp - then a = l (modp).

(2) If a Np . Then a =-1 morp) .

Pf .
(1) If a Rp . There is some XEZ sit

x = a (modp)

Ferman =) al = (y = xP-
= 1 (moep) .



(2) Consider

= 幽)ル x
)
、

~

f(x) gla) h(x)

Fermat f = Omdp has exactly plr.

x ≡ 1 . 2 .

- op - 1 (moepl .

Lem
Part (1) =) g( = 0 (modp) has at leastI roots

given by all the quadratic residues mod p.

degg(x) = 1 Cageg( = 0 (modp) has at most bi roots.

So g(x) = 0 (modp) has exactly I roots.

Now - of a Np . Then flas = O (mep) but gla) #0(modp).



So Gal O(modpl-vie .

a+ 1 = 0 (mod I

befn (Legendre Symbol) For
any prime p > 2 and at I define

{( 治 ) = :浴 :

Thm /Enter's criterion -
Version 2)

.

For
any prime p > 2 and

=2 with pXa -

(b) = a "z(modp)

Cor ( Properties of Legendre symbol) Let p > 2 be prime.

Ls ( Peroodicily ) a ≡ b lmed p )
⇒ ( q ) = ( % ) 。



(2) (Complete muleplicativity) . Given a be R.

( 筒 ) = ( 台 ) ( )、

In particular of ab = l (modp) . Then

( 台 ) = 1 台 ) 、

Pf .
Exercise

.

Coc(-1 modp) Let p > 2 be prime. Then

( i
) = 5 -11

性
()

In other words .
- 1 Rp if PE1 (mod 4) :

- IN p of p = 3 (mod 4)
.



Pf . (* ) follows from Euler's criterion - Version 3.

Note also that"is even when Pel (mod 4) and

odd when P = 3 (md 4) .
For instance . Et is even of

" = 0 (md 2 (

# p- 1 = 0 (md 4(

E) P = 1 (mod 4) □

Eig .

- I k 13 - wnce 13 = 3 . 4 + 1 ≡ 1 (ad 4) .

-> N 11 - lince 11 = 2 . 4 + 33 (mod4) ·

Cor. Let p22 be prime.

(1) (Wilson's thm) (p-1) ! E -1 (mod p) .



(2) Suppose 1 2 .
Let

R = Squadratic residues mod py-

N = /quadratic nonresidues mod py .

tk
γ

≡ ( - 1
)e

(mod p )

kN n : (- 112 (mod p ) .

Moreover - of 25 .
Then

γ 予臨 n ≡ 0 (molp )


