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Recall :

Legendre symbol : For
any prime p > 2 and at- define

1治店 :

() ( Keriodicity ) a ≡ b ( od p )
⇒ ( 作 ) = ( 長 ) 。

(2) (Complete muleplicativity) . Given a be R.

( % ) = ( 台 ) ( % ) 、

So a Rp - bRp => ab RP

aRp - bNp => abNp

aNp - bNp =) abRP



Thm /Enter's criterion) For
any prime p > 2 and be Z

with PXc.

(b) = a "z(modp)

Coc(-1 modp) Let p > 2 be prime. Then

( ;) = 5-
1

笑
(* )

In other words .
-1 Rp if PE1 (mod 4) :

- IN p of p = 3 (mod 4)
.



Cor. Let p22 be prime.

()) (Wilson's thm) (p-1) ! E -/(modp) .

(2) Suppose 1 2 .

Let

R = Squadratic residues mod py-

N = /quadratic nonresidues mod py .

합k γ ≡ (- 1
)말

(mod p )

KN
n
a ( -11

멀
(mod p ) .

Moreover - of 25 .
Then

下五象 に ≡ 0 ( moup )



E . g . pa 3 .Cp - ll ! = 6 ! =720 = 7100 + 20

=> 20 (mod 7)

=>- 1 (md 7) .

of. (1) Consider

f(x) = (x"+ - 1) -(+x- 2)
- -- (x - ( - 1) .

~

O degree = p - 1

드② leading coefficient = <

8has 10 2 . -r .- p- L
as roofs

O degf(xs < p- 1

② flxs has 1-2 . .... pul as lots.

By Lagrange- p divides every coefficient of fixs.

So p divides the constant = -1-111P(p-11 !



If p >2 . Then P-1 is even - so

- l-(p - 1) ! = 0 (mod p)

⇐3 ( p - 1 ) ! ≡ - 1 ( mmep ) .

If p = z - 12 - 1) ! = 1 E - 1(md2)

(2) For quadratic revidues .
Consider

g (x)= (x当 - 1 り 一飛 (x ~ r ) 。

for quadratic nonresidues
. Consider

h(x) = (x=+ 1)- (x -n)

Can show p divides all the coefficients of gly and hixs.

Consenut coefficients = Tr - Thnn (modp) .



Gefficients of X =)I0-Enh Imep) .

( P = 5 => 멀 고 21 □

Floor function

For XERR .
(xd denotes the greatest integer X.

You showed in HW : X-1(X/ < X.

E
.

g
.
( r ) [ 3 . 21 = 3

.

(vi ) ( - 2 . 5 } 2 〜 3
.

Observation : When X=0 -
(X) counts the number of positive

ineeyers hE t .



Thm (Gauss's Lemmal Let p > 2 be prime and letat

wis pya . Define

a = (1 - a30.

- 1 r aso -

For each is consider

iEua = qupt ro .kris p .

Let me be the number ofIs it,

물 < r. a p .

Then

( 台 ) = (. 1
) m

装

Moreover .



m= (hag(- (ml
pf. Let

I = { 1 ≤ i ≤ 座 : r0 < 点 } 。

J= { 1 ≤ j ≤β
- 1

: rj > 号 } ,

INJ = 中 。 IUJ = { にと …… 。 笑
る

Observation : Un (iz]) are distinct
.

bj (jej) are distinct.

For example of Gi = Viz for vi-v2E2 . Then

isna = vz En a (modp) .

So viein (modp) .
ButKvior < 3

·

So v = 12
.



Let

A = { ri : icI } ≤ { 1. 2 … … 些 }

B = { p - rj : jEJ } ≤ { 12 . … 。 き } .

Claim ! AlB = % ·

Why : SayVi = P-j .
Then

iSn'a -j3n : a (modp) .

E) r = - j (md p) .

E) i+ j =0 (modp).

E) plu + j.

= i + j = p .

But Kij< = > itj < p - a contradiction.



Hence
.
AU B = S1

. 2. .... ]. So

政感荷 に 悲= いにに… しミリ 、

= reaalmodp)E-jeac God pl

Continue next time.


