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Sum of two squares

Q : Which positive integers U can be expressed as

n = x
'

tye . x
. yEZ ?

+oーƩ2+ 3

2 P+ l
고

14

‰3 × 15

n

ㅣ
口十 □ n □+□

4 22+ O
②

16

5 1
P

+ 22 ㄧㄇ l+ 4

6 X ⑰ 3 ~+ 32

7 X X
2

8 2+ 23 2 ㄻ 2 + 43

‰
3± 0 =

리 X

に+ 33 2 X

에 * 3 *

k * 24 *



Guess ! For an odd prome p . P = I + A if and only

of P = / (mod 4) .

Recall that - Rp if and onlyif PEI (mod 4) .

Maybe the two phenomena are related ?

Let

S = (n 21 : n = x+ %" for some x - YE2] .

We saw 1 - 2 ES and m2ES for every integer M1 1 .

Defu (Exponent) Let MII be an integer and p a prime .

The exponent of p in n-denoted by epIn) - is the greatest



integer e sit . pelh.

Eg
.

n = /500 = 2? 3 ! 53.

s2/n) = 2. 2s (n) => 1. ej/n) = 3.

epIn)= 0
- P35.

Thm
.

Given an integer n11 -
nES if and only if

for every plu with PE3(mod4) . epln) is even

Lem . Assume NES can be written as

n = a
+

y .a . y ε Z .

2) plu and PES (mod 4) . Then PIX and ply .



consequently. PYn ·

Pf . If PIX · then PIX2 . Since plu-Ply2 = n-x2 .

By Enclid . Ply . Moreover - P2x2 and Pry2 So

p2/ n = x+ 72 . The same argument
works for the case ply.

Assum PXX . Phy .

Look at

9 = x*+ y2 = 0 (mdp)(*) .

There is X'EZ st. x*= / (modp) · which is possible

because of (P-X) = 1. Multiplying (*) by X2 :

( ^≡0(mep )

=> I + 22 = 0 (modp) => 2
2
= - 1 (mod p) .



So-1 R p. But this is impossible. as PE3 (mod4). A

Pf of the necessity part : Let NES with

n s x4 y
" (*x )

be minimal st .
N has a prome factor PE3 (mod 4 (

with eplus odd . By Sem
. Plx-Ply and piln.

Dividing (** ) by p2 gives

な器とs。

where 2 > n and ep)2) = ep(n) - 2 is old. A

Contradiction .

口



Prop .

S is multiplicately closed : monES- > mneS .

pf . If m = a+ b" and n = c+ d . Then

mn = ( a'tbl (0td ' )= lac- bu ]
t

( bital" ES .
~ ~

latbil Kedit Mtbildill
〜

(ac-bd) +(bc + ad/ i
□

Thm/ Fermat - Enter) Every prome PEI (mod 4) can be written

as a sum of two squares.

Pf . Consider

* - 2y . x-YES0-1 ..... Lipd] -

where we choose t later. There are



>P-1

IVpF12 , ( VF' = p

such pains . Since there are only p residue classes modp .

there exist (x1-9 1
) =(x2

- Y2) sit .

* - 141 = X2-192 (mod p (

⇒x ,- x2 ≡ l (y , - Y . )(modp)(*** )

s ~

8 y

At lease one of X-y is nonzero . say X
.
Also

OCKIDLLST and 02191Lidi

Since -/ R p . we can find an IER st .

12= -1 (mdp).

Squaring (*** ) Leads to XEly = - -2 (modp).

So x"+ Y
*

= 0 (modp),



Thus x"+ 32 is a multiple of p .

But

OCx
+

Yz < LNPP+ (VP = 2 P.

Henc p = x"+ y2. □


