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Last time :

S = (n 21 : n = x+ %" for some x - YE2] .

Thm
.

Given an integer n11 -
nES if and only if

for every plu with PE3(mod4) . epln) is even

Necessity V

Prop .

S is multiplicately closed : monES = mnES .

Thm/ Fermat - Enter) Every prome PEI (mod 4) can be written

as a sum of two squares.



Pf of the sufficiency part : IES .

Suppose N = P, P2 ... P 81932 ... 99 > 1
-
where

each of P
. ---Ph is either 2 or a prime = 1 (d 4).

each of 8-... 82 is a prime =
3 (mod4) with an even exponent

ej .

Note that 2= 17+ /ES and Fermat - Euler => odd PiES

Since Ej is even - 8 = (8/ ES .

By Prop. nES. . □

Note : If n = x Y With x & %. Then XP3U and

n = x+ Y"x"+ X" = 2x2 .
So XM. Similarly

-



Y ≤N



Unique factorization beyond 2.

LetD be an integrat domain - which is a commutative ring

with 1 ne . LB = O => G = 0 or BIO .

Defn (Divisibility) For G
. BED with 270 . We say

divides B and write LIB if there is UEDst . B = &U .

Defu) unit) A unit UED is a nonzero element st . There

vs vE D Se. UV I V K = 1.

Properties of divisibility

1. Reflexivity: 61d

2. Anti-symmetry : CIB-BIC => B = UC for some unit UED



Pf . ClB => B = UC for some UED .

Bl = & = VB for some VED
.

So B = nx = n(vB) = (nv) B.

Sinc BFO . 17 HV
.

So h us a whit . □

3. Transitivity : d/P-PIU => 216

4. Linearity : C/B . 212 = C/XB + YU for any AYED

5. Size : </P (PO) =>> & is "smaller" than B ?

Befu) Associate) An associate of 6 is of the form US with

a unit UED .



Defu (Promes and composites) We say that a nonzerononunic

& -> D is a primeif its only divilors are units and its

associates. Otherwise . We say it is composite.

Recall the proof of FTA :

Size =) existence

DA =) & is a
PID Becout's Lemma

=> Euclid's Lemma

=>wnigueness



The ring ZIre]

Let dE2. Define

2IA] = [XTyNA : x. yE 23 .

When d = - 1. a complex number & + JNT = X +Y With

↑YE is called a Gaussian integer. The set of all Gaussian

integers is denoted by

Z [i ] = { x+ yi ∵ x
- y ← z }

Note :0 2[ RIA] 1 D.

& 275] is an integral domain under + and X :

(xi+yiralt ( xc + yeiI) = (λ i + a 2 ) × lytyz) 「a.



(N + 3, TA) (P2TEN) =(* X2+ Y, 72d) +(N72 +*2 7 .
)Nd.

Defn (Norm) For LEXTYNA EZTN] · The norm of d is

defined as

Defn (Conjugate) The conjugate of L = XPYNA ERIN] is

I = X-yT
.

So NI) = NIF1 = 25.

From now on - we will assume that I is not a square.

so that RIN] strictly contains 2.



Observation : IfI is not a square- Then

N(x) = 0 E) L = 0,

2 = x+ YN = 0 =>> X = - Yfd

⇒ x
2

: y
"

d

=> N(d) = x2 Y21 = 0.

NIC1 = 0
=> x2 41 = 0 = x = I'd


