
Unique factorization beyond 2.

Last time !

LetD be an integrat domain.

Defn (Divisibility) For G
. BED with 270 . We say

divides B and write LIB if there is UEDst . B = &U .

Defu) unit) A unit UED is a nonzero element st . There

vs vE D Se. UV I V K = 1.

Befu) Associate) An associate of 6 is of the form US with

a unit UED .



Properties of divisibility

1. Reflexivity: 61d

2. Anti-symmetry : CIB-B/C =>> B is an associate of 6.

3. Transitivity : d/P-PIU => 216

4. Linearity : C/B . 212 = C/XB + YU for any XYED

5. Size! </P (PF0) => ↓ is "smaller" than B ?

Recall the proof of FTA :

Size =) existence

DA =) & is a
PID Becout's Lemma

=> Enclod's Lemma =>
uniqueness



Arithmetic in 2Ire]

Let dE2. Define

RIA] = [XTyNA : x. yE 23 .

When d = - 1. a complex number & + JNT = X +Y With

↑YE is called a Gaussian integer. The set of all Gaussian

integers is denoted by

Z [i ] = { x+ yi ∵ x
- y ← z }

Note : RIS] is an integral domain under + and X :

(xi +yrajt ( x2 tY.ra) = (λ i + x 2 ) × lytye) 「a、

(N + 3, TA) (P2TEN) = (* X2+ 3, 72d) + (x72 + *2 4 .) Jd.



Defn (Norm) For LEXTYNA EZTN] · The norm of d is

defined as

N(α) = (xxya) ( x-y ^a)= x 2
-

dyz
ε Z .

Defn (Conjugate) The conjugate of L = XPYNA ERIN] is

I = X-yT
.

So NI) = NIF1 = 25.

From now on - we will assume that I is not a square.

so that RIN] strictly contains 2.



Observation! IfI is not a square- Then

N(x) = 0 E) L = 0,

2 = x+ YN = 0 =>> X = - Yfd

⇒ x
"

: y
"

d

=> N(d) = x2 y21 = 0.

NCC1 = 0 => x y'1 = 0 =) * = Y'd.

6 lal に l . d = - 1 . But x ^= - y ㎡ Sox = Y = 0 .

AssumeY F 0
.

10 that XF 0 . If d > 0 . then

*
"

= 2d implies X = Y = 0 . a contradiction



If d 0 . Then there is a prime pld st . Epld) is old.

But this is impossible. because epIxY and eplyns are even :
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Lem (Multiplicativity of conjugates) For any 2-BEZINe] -

aP = よ P .

If .

Assume & = 4x YN - B = & + YN.

2B = (NT 3 ,Fl (X2TEN) = (* X2+ 3, 72d) +(X72 + *2 7 .) Jd.

=> dB = (4X2+ 3, 72d) - (NY2 + *2 7 .
) Ja.

Alc 0 r よ 15 ÷ ( xi - yira ) (xa - Y_「a )

=> (* X2+ 3, 72d) +7-xY2 - *2 4 .
) Jd = LB. □



Prop (Antiplicativity of norm) . For
any

C
. PEZINJ-

NICBS = NIc) N(BS.

Consequency - ifdIB with BF0 · then INKSI[INIB) I.

17 . NICP) = <PAPT = (25) (Pp) = NICINIB

tem

IfdIB with BF0 .
Then there is come UERTN] sit .

B = 68. . SoNJBS = NKUI = NKINCU). Thus NIxI/NIB) .

But BRO = NIB) * 0 .

So INCACIINIBII .

□

Conlumies) &ERIN] is nne if and only if INCa) = 1.



Pf . If I is a amit-there is some BEZIN] S
. t . CB = 1.

Taking norms : NI)NIB) = NS1S = 1. So NICSI I. Thus

INks1 = 1.

Conversely - if NI) = 3. Where E = 21 .
Then L = 3.

る
。 α ( Eょ) = ε

2
= 1 . By definiLiour α is a wnie . □

n

B

Rmk
.
Let LERIN] . Then I is an associate of d if and only

of Pla and INIPS1 = INICII .

If. Exercise
,



CorDPromes) GERTN) is prime of INKI) is a prime number

Pf . Let B12 · Note that 270 because INSAIS O.

By Mutiplicativity of mrm . N(BS/NI). So

& INCB) 1 = 1 : B us a unit .

& INCBSI = INC1) : B is an associate of 2 .

Hence & is prime ,
□

Warning ! It is not true that a prime dEZIT] has

a prime norm INCI) . Think about 2 . 3 . 12F5EZTF5].

Try to show that they are prime but have composite norms

un absolute value.


