
What we proved for RIJA] last time :

Assuming as always dE is not a square.

1. 2 = 0 E> N(x) = 0

2 .ap = よ B

N(CB) = N(2) N(B)

C) B. BF 0 =>> INII) [INJPII ·

3. I is a unit E> INKI = 1.
.

4. INCI) is a prime number =>> < is prime.



Existence of Prime factorizations in ZIN] .

Lem
. Every nonzero . nonunit GERIN] is divisible by a prime.

Pf .

& is prime. V

& is composite :& is divisible by some monumit -
non-

associate B . Let it be such a division with minimal

IN1as) > 1.

Claim : I is prime.

Let UI be monunit .

Then INSUIINGI .

So INIUI &

INCA1)
. Since U is monunit and U . A1C = UK.



by minimality of INAI we have INIG1 = INI) . Thus

Us an associate of D
. Hence & is prime .

I

Thm (Existence of prime factorizations in 2TM]) Assume DEE

is not a square. Every nonzero-monunit element can be

written as a (finitel produce of primes.

pf. Let dEZIN] be nonzero-monumit.

& i prime

& is composite : Assume to the contraring that & is



an element with no prime factorizations and minimal

INCA)) > 1. By Lem - There is a prime MIC . Suppose

↓= R, B for some BERTN] .
Since (N19

. 1) > 1 and

N (x1 = N1M) NIB) · We see

1 INCB11 = INC Incl. .

Because & is composite . I is mnumt . By minimality of

INCa1). B has a prime factobization B= T2 T . - . Tk



Consequently. C = TB = TTh T is a prime factorization

of 6
.

This is a contradiction □

Q : Is
every ZIN]

a UFD :
every nonzero-nonmit element in RT]

can be written as a product of primes nague up to order and

multiplication by units ?

Examples of nonunique factorizations

1 . RIFs] (d = -3) : 4 = 2 . 2 = (HFs)(1-Fs)

(1) 2 is prime in ITF3].

Let >12 .
Then INCAI/INRI = 2= 4

.

So INCA1 = 1 . 2
. 4 .



& INCs) = 1 ; ↓ is unit.

& INSC 1 = 4 : INCI = IN11)
.

So & is an associate of 2.

⑧ INK) ) = 2 : Let 6 = XxYFS. Then

INcas1 => 1(X+YFs)(x-IF3 )1 = x7+ 3y2 = 2.

Mod 3 ! ** = 2 (mod 3)
.

But this i impossible -
because 2 N 3 due to 3E3 (mod 8).

Hence .
2 i prime.

(2) d = 11F] is prime.

Let PIC .
Then INCBIIIINK11 = 4 . So INCBS) = 1 .

2
.

4..

The previous argument shows that B is either a unite or



an associate of 6
.

Soh is prime .

2. RIF5] (d = -5) : 6 = 2. 3 =(1+F5) /1-FJ).

Ex. Show 2
. 3 . 151-5 are prime in 2TF5].

3
.

Z[5I ( d =5 ) : 4 = 2 . 2 = { 3 +wf ( 3 -√5 )
.

Will show next time that 2 . 375 are prime .


