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Examples of nonunique factorizations

1. 27Fs] (d = -3) : 4 = 2 . 2 = (HFs)(1-Fs).

2
.

ZIF5] (d = -5) : 6 = 2 . 3 = (1+ /5) (1-F5)

3
.
π[√5 ] ( a= 5 ) . 4 = 2 ~ 2 =13 字 ( 3-√ 5

)

The factors here are all prime.

&: Why shouldn't worry about associates ?

A : e. g. #F = 2 + 2 Fs ARIFs] .



Division algorithm in RIM] for d = -1 [ 2
.
3.

Thm(DA in 2IN]) Given C
. BERT] with BFO .

there ar U - SERIN] s . t.

↓ = BU + S
.
INISII INCBI) ·



If idea : Take Gaussian integers a + bi (a . bER)

corresponding to d = - 1.

a + bi < > lattice point (a . b)

by

-. . .
Xo+ i Yo

ㅣ

Take B = X +YE D and U To be an integer

closest to B .
Then NB-2)= E.



If S = 6- PU .
Then

Pf of DA : Suppose dES-1 - [ 2 .
33 .

Conside B = XxYN .
Choose UERIN] That is the

"closest" to B and Write U = XoT YoN :

14- 8
. 1 ≤ 회 . IY - y . ) ≤ 슬

.

Then

In ( % - の

紫一」'~

≤ (x- x
0 ) ^+ 1ally -Y

。 P ≤+ 方 la .



So if d = -
- - 2. Then

INC 作 - γ ) |≤ 它 + 4 lU 1 ≤ 4 + 4 . 2 二年 < 1
。

When d = 3. Then

N ( 食 - ) = (x_ x
0
”- 3 (y - YoP

S
.

- 3 (y - y. )
.

N / ☆ - γ )≤ 14-분(
슬)= 후 시

~

≤ (* )=4

In other words.

-K 一年 ≤ N ( 作 - γ ) ≤ 年 < 1

=s IN ( E - r1 / ∠ 1
.

Let S = G-BU .
Then



INISSIFINID . (B-US) = INSPIIIUKINIPSI
.
I

Kmk. The proof actually shows

IN (s) / ≤ 4 IN (11 .

Nex up , we prov for d = - 1 - 2 2
.

3
.

Prop (2JA] is a PID) Every ideal 2 of RIv] is of

the form I =(a) = 36B : BEZINJ3 .

pf. I= 903 /

2F 90% : Take GEI be nonzero element with

minimat INCA))
. If BEI .

Then DA produces



2
. 6 ERIN] sie .

B = <U + S . INISSI > INCasI .

Sinc BEI and LE] .

α のEI
-

5 ± B - α5 EI
。

By minimality of2 and INISIIINGI) - we know

6 = 0. So B = CU-hence BE (2) .
So I < (6)

.

But α EI =⇒ (2 ) ≤ I .

Thus2 = (d) . □

Defn (Greatest common divicor) Let C . BERT] - not both

0
.

A god of d
. B is some SERTA] sit .



O 812- S/B. .

& If 312 - SIP . Then EIS .

Ex. If 8 and I are both gads of L-B-then S . &

are associates.

Notation . We will still write S = grd(6 . BC .

Lemma (Bezout) Let 2 . BERTA] - not both 0
.
Let S = (d

. B).

Then th set

I
2 p

= { α r + BE : γ 。 EEZ[III

is an ideat and I = (6). In particular. There are



6 = dU + BE .


