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Division algorithm in RIM] for d = -1 [ 2
.
3.

Thm (PA in 2IN]) Given C
. BERT] with BFO .

there ar U - SERIN] s . t.

↓ = BU + S
.
INISII INCBI) ·

Prop (2JA] us a PID) Every ideal 2 of RIv] is of

the form I =(a) = 36B : BEZINJ3 .



Defn (Greatest common divicor) Let C . BERT] - not both

0 .
A god of d

. B is some SERTA] sit .

Q 812- S/B.

& If 312 - SIP . Then EIS .

Lemma (Bezout) Let d . BERTA] - not both 0
. Where

de {- 」は 2
。

3 } .

Let δ= (α 0 B ) .
Then the set

Iarp = { の r + BE :γ EEZ [raI }

is an ideat and IC
.B

= (6) . In particular .
There are

6 = dU + BE .



Pf. S12. 6IB => SICU + PE-Fr-2 = RIVE]

=> F2
. p =(S)

.

To show (S) ? [c
. p . We use the fact thatTap is

Principal. so 2a
. B

= (8). It suffices to show 816.

When U= 1 . 3 = 0 . 60 + BE = 6 = 16
. B

= (6).

When J = 0
.

E = 1 . artBE = PE Ixs =
( 8 ')

.

So S'l and 8B .
Since 8 = yad( . B) . We have

□8l 8
.

Lem(Enchid) LeT RES-1-[2. 33 . If TE ZIVe] is prime

and AKB for some 2
. PERITT -

then 71 of GIB .



Observation : If XX - Then (2
.
d) = 1.

Pf .
Lee UID - UIC .

Since I is prime -
U is a unit

or an associate of T
.

Since AXX-V is a unit .

Pf of Enclid's Lemma : 41

So assumeXC and show AIR .

By Observation. (D . d) = 1.

Bezone => There are U. S = [TT] 3
. 2.

π 子 + の ε= 1
.

⇒ π B γ + αB ε = β



□π la - akp=⇒ al πpr +α BE =

Thm ( Unique factorization in ITr]- d = - 1- = 2.
. 3)

Everynonzero-monunit element of 27M] can be expressed

as a produce of primes - Uniquely up to order and

muleplocation by units.

Pf. Existence &

Uniqueness! O & is prome:

&a is composite :

Assume & is a composite element with minimal (NC)

and two distinct prime factorizations :



の 二 ππ 口 … 長 で… ε( kolc 2 」 ( *」

aiI 4 ,- te =⇒
Euewd

tailt 'j forrome kjsl .

RearrangingP...... Ye- we may alsume j = 1.

So D/P .
But J-P are prime .

So P = SM1 for some

unit S. SubstitutingThis into (*)

のつ ππ2 … 今 E π で … Pe、

⇒U =
π

2 … π c=
E ' z… Pe.

These are two distinct prime factorizations of the honumit

B = G
.

Since L = TB implies

INK11 = MINIPS) > INSBII·



□This contradicts minimality ofd .

Ex
.

Z [F3 ] : 4 = 2 . 2 = ( 14号 ) ( 1 -F3 )

↑↑つ
Prime

2 4 =(1+ Fs ((1-Fs) - but

2 才 (は、今 )

So2 does not satisfy Enclod's Lemma.


