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We hav proved :

Thm ( Unique factorization in ITr]- d = - 1- = 2.
. 3)

Everynonzero-monunit element of 27M] can be expressed

as a produce of primes- Uniquely up to order and

muleplocation by units.

This is amice theorem- but what exactly are the

primes and units in RIN] ?

This question does not have an easy answer for

a general d . Nevertheless
,
our exploration will



produce several satisfactory results and interesting

applications .

We start with the case d < 0.

Units

RecallThat a unit EEZI] is a konzero) element

c. t
.
36 = 1 for come (nonzero) SEZTN] .

We showed

SEZTA] is a unitE> INIEI) = 1.

If 3 = x + YN . Then NIE) = x"- dy2



& 1
.
What are the units in 27i] ? This corresponds

to d = - 1.

Q 2. What are the units in 2INd] when dS- 1 ?

Primes in 22i]

The prime numbers ar 2
.
3
. 5 . J . 11 ....

We know how to check whether a given number is a

prime number by looking at its divisors.

But how do we know whether X+ is a prime

element in 2Tre] ? In particular - are prime numbers



also prime elements in2TNA] ?

A sufficient (but not necessary) condition that we have

established for a given
2 = X+Y to be prime is that

INIC)) = x2- dy" is a prime number.

Q 3
.

Can you find the "smallest" primelss in 22i]
?

Suppose that P > 2 is a prome number. The sufficient

condition above says that =XT1YE[Tr] is prime

in 22i) if



N(π ) =ππ= x 2+y ㎡= p .

This means P is a sum of two squares !

Q4. What does this imply abou p ? In particular. is

↑ prime inR7i] ? And what can we say about 5 . 5

and thei associates ?

Q 5. What of p is not a sum of two squares
?

Is it prime in 27i] !

At thi point , how can we be sure that we have

found all possible primes in 22i] ?



Note that for a prme DERTi] .

긔

ππ= NIπ)
=

P .Pilk.
i ←

distinct Prime numbers

By Enclid's Lemma for 22i] . we have

= IPi for some ISICK
.

Moreover - for two distinct prime numbers Po and Pj.

god(Po - Pj) = 1. So Bezout's Lemma for I yields

*y E R s. T.

Poxt jy = 1 .

Thus TIP : and AlPj => /1 => i is a unit X

Hence - every prome REZ7i] divodes exactly I prime number.



This justifies our search for all primes in [Ti] by examining

divicoos of prime numbers.

We will do a full proof on Wednesday that A = X T IY

EZTi] is prime if and only if one of the following

is true !

(IS It is an associate of a prime number P = 3 (mod 4).

(2) /P for some prime number p which is either

2 o 아 ≡ I thod 4 ) .

When P = 2 · There are 4 choices for A :

7 = I/ I i :



when PEI (mod 4) - any
choice of i generates 7 other

choices !

- π
.
±π

- ± i π . ± iπ

These 8 choices ar all and only prime divisors of P

in 22i] . In particular - This implies that there are

exactl 8
ways of writing p as a sum of two squares :

p = は x5+ は Y㎡÷ (tY㎡+ は x_

For example. 101 = (III + (210) = (10)+ (11) are all

the representations of 101 as a sum of two squares.

see
you on Wednesday !


