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Thm (Gauss's Lemmal Let p > 2 be prime and letat

wis pya . Define

a = (1 - aso .

- 1 r aso -

For each is consider

lal
い

itana= 8p + h . 1r < p .

Let me be the number of Kis* it,

< ria p .

Then

( % ) = (- 1 )
m

ε

a”
、

しい

Moreover .



m=k(- (m.
pf. Let

I = { 1 ≤ i ≤ 座 : r0 < 点 } 。

J = {kjs t !rj > る

INJ = 中 。
IUJ = { にて …。 なえな 。け km

Observation : Un (iz]) are distinct
.

↓j(jej) are distinct.

For example of Gi = Viz for vi-v2E2 . Then

isna = vz En a (modp) .

So viein (modp) .
ButKvior < 3

·

So v = 22
.



Let

A = { ri : icI } ≤ { 1. 2 … … 些 }

B = { p - rj : jEJ } ≤ { 1 . 2 」

…
。 先 } .

Claim ! AlB = % ·

Why : SayVi = P-j .
Then

iduin E-jeaid (modp) .

E) r = - j (md p).

E) i+ j =0 (modp).

E) plu + j.

= i + j = p .

But Kij< = > itj < p - a contradiction.



Hence
.
AU B = S1

. 2. .... ]. So

政感荷 に 悲= に 2 …しよ) 、

=reaalmdp) E-jeac God pl

=⇒ icaa 前 ( -jEaa ) ≡ 時 ) ! (modp )

⇒ ( -
1
) m(Eaa ) い ≡( modp )
ー

1) !

= (_ 11msu'at = 1 (modpl

⇒ ai = 1-1m gatt (modepl

Ender's criterion :(p) = a'2 (mdp)(

so
( ,)El- 11m sat (moep).



Equivalently

( , ) = 1-11m gut (moep).

This proves (1)
.

To proceed - recall

iEua = qupt to .
I ≤ risp .

By HW/ . Si = Ligaad.

Adding them up :
pry

vsaa = 勲 と o
線 + ri

p- l

=⇒card 。 = op +臨 + 前
。
①

Just showed (0-p- rj : xI-jeJd = /1 . 3 . .... Y .



{

品 + 済 ( pーなり =臨 。

=> zri +mp一府 j = 0

=→ 府分 = 座 i
+ mp - 房

Plugging & in 0 :

are ” 。 = 8 ip + 2ro + mp 一感 で

P - 1

⇒ -

mP =

率
‰ ㎡ な

象o + mp - 1 ann + )感
=> m=l + (a- 1) "G1 (mod 2) . 경

6 階1 □



Cor (2 modp) For every prime p > 2-

p1

( 方 ) =。

In other words .

2kpE) PE1 . 7 /mod 8) :

2kp E) PE3 . 5 /mod 8)

If .
Gauss's Lemma with a = 2 :

( 方 ) = 1_)
m

、

where

m ≡ 底 [ p] + 答 ” (moez ) .

OcKs 是 =3 O < 作 < 1 → ( 坐 ] = 0 .



o

m 는 P (mod 2)

and

( 方 ) = いい答

DA

Moreover-Podd =) p = 8y + U . U = 1 . 3
.
5
. 7.

3 = 18 % + r= 64 % ' + 166 p +㎡

=) p = 89+ 394 + 4

≡
8

:|
(mod 2 )

≡ パ
」 v= 1 - 7

(mod 2/

1
. - γ= 3 -

1



EN
.

Use Gause's tem to show that

-3 kp ES PE1 (mod 6) :

-3Np ES PE5 (mod 6) .

In general - If PXc . Then

a = 2a2hph ... phr , P.. .... Po - p are odd.

⇒ ( , ^ ) = ( ) ( i
)

" ( %
)
' …(皆

)

"

√ v …

Next goal : determine (4) When P-932 are

distinct primes .


