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We hav proved :

Thm ( Unique factorization in ITr]- d = - 1- = 2.
. 3)

Everynonzero-monunit element of 27M] can be expressed

as a produce of primes- Uniquely up to order and

muleplocation by units.

&: What are unites and primes in 21re) ?

We will start with d < 0.

Units



CE2IFe) is a unit E INKI1 = 1
.

Write & = X+ YNd. Then

Incall = /x2-dy21 = x"- dy"

So

↓ is a whit E) X "- dy2 = 1.

↑

Diophantine equation

Case 1 : d = - 1.

x
^

ャ Yz = 1 ⇒ (x
_ y ) = (± 1

. 0 ) 。 ( 0 - ± 1 )

Remembe C = X + Yi .

So 2 = 1 1 = i.



Case I. d < - 1.

x
2
- dyz = 1 ⇒y = 0 」 λ=± 1 .
m

리

Rerall d = X TYNA. So C = E 1

#x. Consider the sase d = - m2 . Show that RIJd] =

2) mid is not a UFD by looking at

- d = m2= mm. m= 71) mi · mi

and showing thami is prime.

Primes



Consider Gaussian integers [Ti) (d = - 1) .

FCE22i] - say d= x + viy . Then is is prime if
NK = x- Y2 = P is a prime number

.

We know that this can happen exactly when P = 2 or

P 두 I (hod 4) .

What is the "smallest" primelss in RIi] ?

These are elements2 = X + Ji with

NK1 = x+ y = 2.

So (x-y) = (7) . 51) .
HenceC = +/5 i

- namely

1 + i and its associates - (11) - i(H i). .



WhenP = I (mod 4) - We know there are X-Y S . T.

N(α ) =α 2 =
x

+ y ' =

If PE3 (mod 4) .
is it prime in 2Ti] ?

Let BIP . Then NIBS/NIPC = P2. So

N(p ) = 1 - P-P2 .

↓ ↓
units associates of p.

If NIBS = P and B = x + Y %. Then

N (β ) = x ㎡+ y ㎡= p 。

impossible because PE3 (mod 4) .

So p is prime in 27i] .



Lem
. Every prime IE 2213 divides exactly one prime

numbe p .

of. RINIT) = DA. Facion

N(X1 = 1,
4
p, ... pp2 .

where P----Pk are distract .
Enchid's Lemma for 27 is

implies DIP for some KUK.

2) DIP and 118 .
where PFY . Then (P-8) = /

in 2.
.

Bezout's Lemma for I gives X-YEI sit.

Pat Ey = 1 .

π IP . π 1 q 2⇒ alpat 8 y = 1 a⇒ a us a unie . X



So a can divide only one prome number. E


