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The law of quadratic reciprocity

Thm (Quadratic reciprocity) Let p -o be distinct primes. Then

( 岩 ) ( ) = 1) で

Equivalently 」

( 음 ) 1 승 ) .

unless P -% = 3 (God 4) in which case

( 음 ) = 1 ) .
1 (mod 4

Eg . ( 1 ) p = 3 - 6 = 11 ) = 1 号 ) = ( 3 ) = 1 .
(mod 4

( に ) に = 30 % = 了 : ( 今 ) = ー } = ー ( ; ) = ール



Lattice point counting.

What is an integer lattice in RR2 ?

Algebraically -
It is a set of the form

L = { xvi + y ㎡: λ . YEZ } 」

where * ER" are linearly independent rectors - so

that

/R㎡= {xx + y τ> : λ
- y ε R } 。

θ

Geometrically
-
it consists of points on a grid formed by

infinitely many identical parallelograms. E
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We will work with the square grid!
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多 ⑧ 历

成 ∅ ∅ 또
= 30-1 )i ㉗ 877
…
π" = (1 . 0 )
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How to count lattice points
?



1. Lattice points in a rectangle
AY

B
D ⑧ P

成 ∅ ∞t⑨

A β

Q I : How many lattice points in - including
O C

points on AB-BC but not those on OC
. OA ?

A : 15 ÷ 5 . 3 = Area (□
.

B )
s "

□ Aneal



Let ab be positive integers.

Number of Lattice points
ay

Un b ㅣ
=> Area = ab.

>
a λ

excluding those on the axies

Q 2 : What of a . b > 0 are real numbers ?

∅1 ::: Number of Lattice points

oP s batiLbd .



3. Lactice points in a triangle
A y

A

.

B OB : y = mX
(5.m)
_
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4. 4m] m =
∅ ⑨· C- (2.2m).
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Q I : How many lattice points in - including
ㅇ C

points on OB -
BC but not those on OC ?

A : L1.mI +2 、 m」 + 1 る m」 t … + 1 Lc2mに食求
”

し 災 る
。



A B

Q 2 : How many lattice points in - including
ㅇ

points on OB -
AB but not those on OA ?

A . L 1 . n ) tL 2 . mttu.thhat .m 」 = 6km に 」

using OB : X = m t .



Recall :

Gauss's Lemma : Let p>2 be prime and let ut

wis pya . Define

a = (1 - aso .

- 1 . aco .

Then

( q ) = G 1
nSla_p
!
ε

a
。

where

slarp ) =食
し

幾 り+ 答 (a-、

Note : If a is odd .
Then PF(a- 1) = 0 (modd)



Eisentein's proof of quadratic reciprocity :

By Gauss's Lemma
-

( ) = - 1)
s(ε ' _slp6

=

熱 し皆

( ) = - , ) s
( a- p '

-
s (8 -p ) = し!!

⇒ ( 송 ] ( 음 ) = (- 1
/s(1 . 6 ) + s ( q 」' )

그 1 네멜헌



ny Example : 1 = J . % = 5
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O Number of Lattice points in ( 문= " 1 .


