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The law of quadratic reciprocity

Thm (Quadratic reciprocity) Let p -o be distinct primes. Then

( 岩 ) ( ) = 1) で

Equivalently 」

( 음 ) 1 승 ) .

unless P -% = 3 (God 4) - in which case

( 음 ) = 1 ) .



1. Lattice points in a rectangle
AY

B
D ⑧ P

成 ∅ ∞i
A β

Q I : How many lattice points in - including
O C

points on AB-BC but not those on OC
. OA ?

A : 15 ÷ 5 . 3 = Area (□
.

B )
s "

□ Aneal



Let ab be positive integers.

Number of Lattice points
ay

Un b ㅣ
=> Area = ab.

>
a λ

excluding those on the axies

Q 2 : What of a . b > 0 are real numbers ?

∅1 ::: Number of Lattice points

oP s batiLbd .



3. Lactice points in a triangle
A y

A

Q ⑧
∞⑬ OB : y = mX

(5.
5m)

丹.

( 4
.

4m] m =
∅ ⑨i C

· (2. 2m).·⑧ 印 D

" >
이 3

β

3
"

ψ 5 c
X

B

Q I : How many lattice points in - including
ㅇ C

points on OB -
BC but not those on OC ?

Lel

A : L1.mI +2、m 」 +13 m ! + … +LcImに 災 ! 、



A B

Q 2 : How many lattice points in - including
ㅇ

points on OB -
AB but not those on OA ?

A . L 1 . n ) tL 2 . mttu.thhat .m 」 = 6km に 」

using OB : X = m t .



Eisentein's proof of quadratic reciprocity :

By Gauss's Lemma
-

( ) = - 1) s(ε ' _slp6
=

熱 し皆

( ) = - , ) s
( a- p '

-
s (8 -p ) = し!!

=⇒ [ 송 ] ( 호 ) =( - 1
/s(p . 6 ) + s ( q -p )

그 1 네멜헌

Need to show SIP.3) + Slop)=+
. 8

Assume P > E.



ny Example : 1 = 7
. % = 5

· ·.5I
1 ·

. F

-·· ㉚

/nP= 7 릉
p - 1
2

Line Of : y= .

X.

Claim ! There are no lattice points on OD.

For 1X Y = 9 . X #2. since PFG =>



(p- 6 ) = 1 und ≤ xsp =⇒ ptx .
ve . (Pox 1 = 1

.

며멀
. 물힘 ) .

f2 -
as p48 . P(p-1)

Also- Since $38 ,
we have

* > b , 4 > 81
.

=> L 2

-1
. 호 ] = 헐

Number of Lattice points inE . .

HH

Number of Lattice points inS
+十

糾

Number of Lattice points inETP = S(4-2)
ㅇ



Eg ( 役 ) = ()= ( ‰ ) ( 避 ⑰品)
prime "

103 = 8 . 12 + 7 ≡ 7 (o φ 8 ) ⇒ ( ] = 1 .

5) / (mod 4) -
103 = 3 (mod 4)

QR⇒ ( ‰ ) = ( ) = ( ) = ( ; ) = ( } ) = -.
mod4

s
. ( % ) = 1 ,

Jacobi symbol.

Given at I and a positive odd integer U = R
,

M
. . pM

define



( ) = ( ) ”( 皆 )
… ( 食 )”

wik ( 9 )다 .

Observation !

( 台) = 結 :器
”

Properties: Let no bed and m
. U1I be old integers.

1
. (Periodicity) If a = b (mod n) . Then

( 위 ) 계무 ) .

2. (Complete multiplicativity)



( 양 ) = ( ) ( 무 ) .

(= 겨없 ] ( 위 ) .

( 3 ) ( - 1moun ) ( % = 情
=
{ ! に

'

!

mod4)
n ≡ 1 . ? (mod 8)(4)(2 modens (2)-
n = 3

.
5 (moest

15) (Quadratic reciprocity) If (m
.
n) = 1 · Then

( 沿 ) ( 品 ) = しいな

= (-)
- mon = 3(mo14)

1
- Otherwise

,

4f . HW2 .



Warning : If a R is a quadratic relidue n in the

sense that la . n) = 1 and there is XEZ sit .

x = a (mod h)

chen ( 背 ) ÷ ( 問 = ( 2 )~= 10 as Caon 1 = 1 に⇒ 16on) = に

But the converse is false. For instance

( ; ) = ( 3 ) ~= 1
_

but there is no XE2 St .
=5 God 9) .



Sum of two squares

Q : Which positive integers I can be expressed as

n = x
'

tye . x
. yEZ ?

+oーƩ2+ 3

2 P+ l
고

14

‰3 × 15

n

ㅣ
口十 □ n □+□

4 22+ O
②

16

5 1
P

+ 22 ㄧㄇ l+ 4

6 X ⑰ 3 ~+ 32

7 X 19 X
2

8 2+ 23 2 ㄻ 2 + 43

‰
3± 0

=

리 X

に+ 33 2 X

에 X 3 X

k X 24 X


