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Extremal elasticity of quadratic orders

Kai (Steve) Fan and Paul Pollack

ABSTRACT. We study how large and small elasticity can be for orders belonging
to a fixed quadratic field, in terms of the corresponding conductors. For example,
we show that if K is an imaginary quadratic field, then the order of conductor
f in K has elasticity exceeding (log f)°t logloglog f for all f that are sufficiently
large. On the other hand, this elasticity is smaller than (log f)¢2 logloglog f
for infinitely many f. Here c;,co are universal positive constants. The proofs
borrow methods from analytic number theory previously employed to study
statistics of the multiplicative groups (Z/mZ)*.

1. Introduction

Let R be an atomic domain, i.e., an integral domain in which every nonzero
nonunit factors as a product of irreducibles. The elasticity of R, denoted p(R), is
the supremum of all ratios r/s, where r and s are positive integers for which there
exists an equation

Ty Tp = pP1°" " Ps
with each m; and p; irreducible in R. So for instance, every unique factorization
domain (not a field) has elasticity 1. Conversely, if R is an atomic domain with
elasticity 1, then R might be thought of as ‘halfway’ to unique factorization: any two
factorizations of the same nonzero nonunit involve the same number of irreducibles,
although the irreducibles themselves need not be pairwise associate. A domain of
elasticity 1 is called a half-factorial domain (or HFD).

The study of half-factorial domains was initiated in a 1960 paper of Carlitz
[Car60], where it is shown that the ring of integers Ok of the number field K is a
half-factorial domain precisely when the corresponding class number hx = 1 or 2.
The general notion of elasticity was introduced by Valenza in a 1990 paper! [Val90]
and further studied by Narkiewicz [Nar95] and Steffan [Ste86]. Collecting the
results of these three papers, one has a complete determination of the elasticity of
the ring of integers of an arbitrary number field.

For a finite abelian group G, we write Dav G for the Davenport constant of G,
meaning the least positive integer D with the following property: Any sequence
g1, --.,9p of elements of G possesses a nonempty subsequence multiplying to the
identity.
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THEOREM A (Narkiewicz—Steffan—Valenza). Let R be a Dedekind domain with
finite class group. Suppose that every ideal class of R is represented by at least one
mazximal ideal of R. Then

p(R) = max {1, % Dav CI(R)} ,

where C1(R) is the class group of R.

Results of class field theory guarantee that the hypotheses of Theorem A are
satisfied for any ring of S-integers in any global field. Thus, Theorem A gives a
complete description of elasticities for the rings most prominent in number theory.

Of course, there are many other important rings in algebra and number theory,
and there is a rich literature investigating elasticity and half-factoriality more
generally. See [And97] and [CCO00] for surveys. In this paper, which is a companion
piece to our recent article [FP], we will be examining elasticity in orders of quadratic
fields.

Let K be a quadratic field (a field extension of Q with [K : Q] = 2). An order
in K is a subring of O strictly larger than Z. The orders in K are in one-to-one
correspondence with the natural numbers (positive integers) f. Each order O in K
has the form

Oj :={a € Ok : a = amod fOk for some rational integer a}

for a unique f € N; conversely, Of as defined above is always an order in K. It
sometimes helpful to have a more explicit description of Oy: It is well-known that

for each quadratic field K, there is a unique squarefree integer D with K = (@(\/ﬁ)

If we set
vD if D=2,3 (mod 4),
5(1++vD) if D=1 (mod 4),

then Oy = Z + frpZ. We refer to Oy as the order of conductor f in K. Note that
if f]f', then Op C Oy, and that when f = 1, we have 07 = Ok; we will refer to
Ok as the maximal order in K. For more on the basic theory of quadratic orders,
see the lovely book of Cox [Cox22] (p. 105 and following).

It was noted by Zaks [Zak76, Zak80] that Z[y/—3], the order of conductor 2
in K = Q(v/=3), is a half-factorial domain. However, half-factorial quadratic orders
were not systematically studied until the later work of Coykendall [Coy01] and
Halter-Koch [HK®83]. (This latter paper of Halter-Koch is not easy to come by; a
more readily-available source for this material is [GHKO6]; see p. 226 and following.)
These papers contain a complete algebraic characterization of half-factorial quadratic
orders.

The characterization in the imaginary case is surprisingly simple: Z[y/—3]
is the unique nonmaximal half-factorial quadratic order [Coy01, Theorem 2.3].
(Recall that maximal orders fall under the purview of Carlitz’s 1960 theorem, so we
may always restrict to the nonmaximal case.) The real case is substantially more
complicated. Here there are various ways to state the characterization, some more
explicit than others; the version we quote below is based on Coykendall’s paper
[Coy01] and a subsequent manuscript of Coykendall-Malcolmson—Okoh [CMO17].

THEOREM B. Let O be the order of conductor f in the real quadratic field K.
In order for O to be half-factorial, it is necessary that
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(i) Ok be half-factorial (equivalently, hx =1 or hx = 2), and
(ii) f = p or f = 2p, where p is a prime inert in K; if f = 2p, we require
p > 2 and both 2 and p to be inert in K.

Conversely, suppose O is half-factorial and f = p is a prime inert in K. Let € be
the fundamental unit of K. Then

O is half-factorial <= € generates (O /fOk)™ /{images of integers prime to f).
Finally, if f = 2p, where 2 and p are distinct primes inert in K, then
O is half-factorial <= 3t p+ 1, and both O, O, are half-factorial.

From the algebraic standpoint, there is no room for improvement in Theorem B;
the stated conditions are both necessary and sufficient. But the statistical question
of how often half-factorial orders appear “in the wild” is far from settled. For this,
one must study how often the conditions of Theorem B are satisfied; this is an
analytic problem rather than a purely algebraic one. In [Coy01], Coykendall posed
two conjectures in this direction:

(A) Varying both the quadratic field K and the natural number f, one encoun-
ters infinitely many half-factorial quadratic orders Oy.

(B) Fix the field K = Q(v/2). Then Oy is a half-factorial domain for infinitely
many f € N.

Coykendall’s conjectures were recently studied by the second author (P.P.) in
[Pol24]. The weaker Conjecture A is proved in full, while the stronger Conjecture
B is demonstrated under the assumption of the Generalized Riemann Hypothesis
(GRH).? The methods of [Pol24] were extended in [Pol25] to obtain various related
results. Here is a sample.

THEOREM C. Let £ ={1,3,2,2,3,2 ...} U{occ}.

(i) If O is any quadratic order, then p(O) € £.
(ii) Under GRH, each element of £ is the elasticity of infinitely many many
distinct orders in Q(v/2).

In both [Pol24, Pol25], the goal is to realize a prescribed elasticity, and the
conductors f are constructed accordingly. It is natural to ask what elasticities one
sees if instead of constructing f towards a predetermined end, one samples f “at
random” and records the results. This question was recently considered by the
present authors in [FP].

It requires some care to settle on the right notion of “at random.” Let K be
a quadratic field, and let O be the order of conductor f in K. It follows from a
general theorem of Halter-Koch (see [HK95, Corollary 4]) that p(O) = oo if and
only if f is divisible by a prime p that splits (completely) in K. For a given K,
the Chebotarev density theorem guarantees that asymptotically half of all primes p
split in K. It follows that asymptotically 100% of natural numbers f have at least
one split prime factor, and so p(Oy) = oo asymptotically 100% of the time. Thus,
if we fix a quadratic field K, the natural problem is to study the distribution of

2While not important here, we mention for later: We always view quadratic fields as embedded
in C. If K = Q(vD) is real-quadratic, we assume v D > 0, and that the fundamental unit € is
normalized to satisfy € > 1.

3Throug;hout7 by GRH we mean the assertion that all nontrivial zeros of all number field zeta

functions lie on the line R(s) = %
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p(Oy) with f sampled uniformly from (only) split-free integers, meaning integers
possessing no split prime factors. This is precisely what we do in [FP].

THEOREM D. Let K be a fized imaginary quadratic field. Let Ak denote the
discriminant of K. For almost all split-free numbers f,

p(Of) = f/(log f)% logs f+5Cr+0((logy f)*/ logs N,
where log, denotes the kth iterate of the natural logarithm, and

O im Z : logp 1 sgn(Ak)1p(Ak)|Ak|logRad(|Ak])

p—1?2 e(|Ak])? '

Here Rad(|Ak]|) is the product of the distinct primes dividing A, and 1p is the
characteristic function of the set of prime discriminants

p>2

D:={-4,48}U {(—1)%1;0: p>2is pm’me} :

THEOREM E (conditional on GRH). Let K be a fized real quadratic field. For
almost all split-free numbers f,

p(Oy) = (log f3TO0/ s 1),

In these theorems, almost all means that the proportion of split-free numbers up
to x for which the estimate fails tends to 0, as * — oco. We remind the reader that
A = O(B) means |A| < C|B]| for some implied constant C. In these results, as well
as all the theorems appearing below, implied constants may depend on the field K.

In this paper, we continue our investigations into the distribution of elasticities
of orders belonging to a fixed quadratic field. However, instead of looking for the
typical size of p(Oy), we inquire into the extremal behavior. How large and how
small can p(Oy) get, in terms of f?

The following are our principal results. Below, A < B is synonymous with
A = O(B). That is, |A] < C|B|, for a constant C' that may depend on K. The
notation “A > B” indicates that B < A.

THEOREM 1.1 (Maximal order, imaginary case). Let K be a fized imaginary
quadratic field. Then p(Of) < f for all split-free numbers f. Conversely, if p is a
prime inert or ramified in K, then p(Op) > p.

THEOREM 1.2 (Minimal order, imaginary case). There are universal positive
constants ¢y, ca, and fo for which the following holds: Let K be a fixed imaginary
quadratic field. For all split-free numbers f > fo, we have

(1.2) p(O;) > (log f)e loeloslos £

On the other hand, there is a sequence of split-free numbers f tending to infinity
along which

(1.3) p(O;) < (log f)=2 & 18108 f
THEOREM 1.3 (Maximal order, real case). Let K be a real quadratic field. Then

p(Oy) < f/log f

for all split-free f > 1. In the opposite direction, GRH implies that for every ¢ > 0,
there are infinitely many primes p, inert in K, with

(L4) p(0,) > pie.
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THEOREM 1.4 (Minimal order, real case). Assume GRH. For every real quadratic
field K, there is a constant C'x with the property that p(Of) < Ck for infinitely
many split-free numbers f.

The reader will have noticed the large gap between the (rigorous) upper bound
in Theorem 1.3 and the (GRH-conditional) lower bound. As we indicate in a remark
following the proof, we believe the upper bound is sharp; in fact, we conjecture that
there are infinitely many primes p, inert in K, with p(O,) > p/log p.

2. The class group, its principal part, and the pre-class group

In this section we set up machinery from [FP] that will play an important role
in our proofs.

Let K be a quadratic field. For each natural number f, we let I (f) denote the
group of fractional ideals of K generated by the nonzero ideals of O comaximal
with fOx. We write Pg z(f) for the subgroup of Ix(f) generated by principal
ideals aZ g, where a € O satisfies « = a (mod fOk) for an integer a coprime to f.
The class group Cl(Oy) is defined as the quotient Ix(f)/Pk z(f). Note that when
f =1, our definition recovers the usual definition of the class group of Og = O;.

The next result, which appears as [FP, Lemma 2.1], is a variant of Theorem A
for quadratic orders.

ProPOSITION 2.1. Let K be a quadratic field. For each split-free f € N,
1 1
3 Dav Cl(Of) < p(Of) < max {17 3 Dav C1(Oy) + ;Q(f)} .

(Here €(-) counts the total number of prime factors, with multiplicity; e.g., Q(—12) =
2(30) = 3.) Proposition 2.1 is not as precise as Theorem A; except in the case
f =1, it does not determine the exact value of p(Oy). Nevertheless, it will suffice
to obtain our statistical results.

In order to access Dav C1(Oy), we find it helpful to “pull apart” the class group.
We define the principal part of the class group, denoted PrinCl(Oy), by

PrinCl(Oy) := (Ok /fOk)™ /(images of integers prime to f, units of Ok).
Write Px for Pk z(1) (the group of principal fractional ideals). The exact sequence
(Z/f2)* x O == (O /fOK)* == (Ix(f) N Px)/Pra(f) — 1
allows us to identify PrinCl(O;) with the subgroup (Ix (f)NPk)/Pk z(f) of CL{Oy);

here p and ¢ are the maps defined by
p((@mod f,n)) :=anmod fOr and i((amod fOk) = [aOk].

This identification explains the term “principal part of the class group.”
With the obvious maps, there is a short exact sequence

1 — (Uk(f) N Pg)/Pxz(f) — Ix(f)/Prz(f) — Ix/Px — 1.
12 I I
PrinC1(Oy) ClOy) Cl(OK)
(Exactness at the last position is not obvious; for this one uses that each ideal class
in Ok has a representative comaximal with fOk.) Thus, we may view PrinCl(Oy)
as a subgroup of C1(Oy) for which

(21) [Cl(Of) : PrmCl(O}c)] = #CI(OK) = hK.
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To apply Proposition 2.1 requires knowledge of Dav C1(Oy). Equation (2.1) is
helpful here; it implies that

(2.2) Dav PrinCl(O;) < Dav Cl(Oy) < hg Dav PrinC1(Oy).

(See [FP, Lemma 2.4].) In our results, an ambiguity up to a factor depending on
K is acceptable, and (2.2) allows us to always work with PrinCl(Oy) rather than
Cl(Oy).

We will understand PrinCl(Oy) by viewing it as arising from a two-stage
construction. First, we quotient (O /fOk)* (only) by the image of the integers
prime to f; we call this is the pre-class group. That is,

PreCl(Oy) := (Ok /fOk )™ /(images of integers prime to f).

(The observant reader will have noticed that this group appeared already in Theorem
B.) Second, we take the quotient of PreCl(Oy) by the image Uy of O in PreCl(Oy);
then PreCl(Of)/Us = PrinCl(Oy).

It is productive to view these pre-class groups PreCl(Oy) as close cousins of the
unit groups (Z/mZ)*; this principle is exploited heavily in [FP] (and implicitly in
[Pol24, Pol25]). Let 9(f) := #PreCl(Oy). By the Chinese remainder theorem,

(2.3) PreCl(Oy) = [ PreCl(O,x).
p*| f

Thus, 1 is a multiplicative function of f. Furthermore, since the ¢(p”) integers in
[1,p*] that are prime to p* have distinct images in Ok /p* O,

1 1
ky _ k X k X
Now #(Ox/p"Ox)* = N0 Ox) [lpy, (1 = xtp;) =#* Iy, (1 = wtpy)- Plue-
ging the result of this formula into the last display, considering separately the cases
when p is ramified, split, or inert, we find after a short calculation that

st~ () - 1= (22)2)

where (—) is the Kronecker symbol. Hence,

an=mo-(2)1)

plf

in close analogy with the familiar formula ¢(f) = f[], (1 — %) for Euler’s ¢-
function.
The groups PreCl(Oy) mirror (Z/mZ)* not only in their size but also in their

structure. For instance, we have the following result.

LEMMA 2.2. Let K be a quadratic field, and let p be a rational prime with p > 3.
Then Cl(Opx) is cyclic for each natural number k.

Lemma 2.2 is an analogue of Gauss’s classical theorem that (Z/p*Z)* is cyclic
for each prime power p* with p > 2.

PROOF OF LEMMA 2.2. In the case where the prime p > 3 is ramified or
inert in K, this result appears as Lemma 2.5 of [FP], where it is deduced from
related structure theorems of Halter-Koch [HK72]. Suppose now that p is split,
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say pOg = Py P, with the P; distinct maximal ideals of Og. Then OK/pkOK =
Ok /PF x Ok /P, and each Ok /PF = 7/p*Z. Furthermore,
PreCl(O,r) = (O /p* O )* /(images of integers prime to p*)
(Z/p*Z)* x (L/p*Z)*
(Z/p*Z)*
= (L)L)

>~

here the (Z/p*Z)* in the “denominator” of the second line is viewed as a subgroup
of the “numerator” via the diagonal embedding. By the theorem of Gauss quoted
above, (Z/p*Z)* is cyclic, and hence PreCl(O,x) is as well. O

It is clear from the isomorphism (Z/mZ)* = ]_[pka(Z/ka)>< that the ex-

ponent Exp (Z/mZ)* is a divisor of lem{p(p*) : p* || m}, and Gauss showed in
his Disquisitiones that the corresponding quotient is always 1 or 2. Our proof of
Theorem 1.2 requires the following variant for pre-class groups. Put

(2.4) L(f) = lem{s(p") : " || f}.
ProrosITION 2.3. For all natural numbers f,
Exp PreCl(Oy) | L(f) | 12 Exp PreCl(Oy).
It follows from Proposition 2.3 that L(f)/ExpPreCl(Oy) € {1,2,3,4,6,12}.

PROOF. The first divisibility is clear from the isomorphism (2.3), keeping in
mind that #PreCl(O,r) = ¥(p*). To prove the second, it suffices to show that

Y(p*) | 12 Exp PreCl(O,») for each prime power k.

for then
L(f) | lem{12 Exp PreCl(O,x ) P || £} = 121lem{Exp PreCl(O,x) % )
= 12 Exp PreCl(Oy),
as desired.

When p > 3, we have ¢(p*) = Exp PreCl(O,+) (Lemma 2.2). So we may assume
p=2orp=3.

Suppose first that p = 2. Since ¥(2%) = (2 — (ATK))Qk_l | 12 when k € {1,2},
we may assume that k > 3. Let o = 1 + 2v/D, where D is the squarefree integer
with K = Q(v/D). A straightforward induction shows that, for each integer j > 0,

o = u; + vj\/ﬁ

for integers u;, v; with u; odd and 2771 || v;. In particular, o2 € Z[2k/D] C O,
Since aOk and 20k are comaximal, we conclude that « represents an element of
PreCl(Oyr) of order e (say) with

e| 2t
On the other hand,
202" = 2uj_3 + 2vp_3VD ¢ Z[2"VD].
As 20, C Z[28y/D), it must be that o ° ¢ O,.. Thus,
ef2k3,
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Combining the last two displays, we find that e = 2872 or e = 2¥~!. Hence,
P(2F) = (2 - (8K))2" 1 |12 2772 | 12¢ | 12 Exp PreCl(Oqr).
The proof when p = 3 is similar, and we condense the details. Since 1(3F) =

(3-— (ATK))SIV*1 | 12 when k& = 1, we can assume that k > 2. In this case, one takes
o’ =1+ 3v/D and shows by induction that for each integer j > 0,

j
o = u; + vV D

with integers u/;, v/; for which 3 { uf;, 391 || v%. Then o3 € Og while 3" 7 ¢ Oy

It follows that o’ represents an element in PreCl(Osx) of exact order 3¥~1. Hence,
P(3F) = (3 - (8))3" 1 |12 3" | 12 Exp PreCl(Os),

as desired. 0

We saw above that PrinCl(Oy) = PreCl(Oy) /Uy, where Uy is the image of O
inside PreCl(Oy). Hence, setting

g(f) = #ufa

we have that

#PrinCl(Oy) = M

(f)
We finish this section by recording two observations about iy that will be relevant
in the sequel:
(i) When K is imaginary quadratic, ¢(f) < #0Oj < 6. Moreover, Uy is cyclic,
generated by (the image of) a primitive #Ox-th root of unity.
(i) When K is real, O is generated by +1 and the fundamental e. Since —1
projects to the identity in PreCl(Oy), it follows that Uy is cyclic in this
case as well, generated by the image of € in PreCl(Oy). Furthermore,

¢(f) is the least integer £ with €' € Oy.

3. Maximal order in the imaginary case: Proof of Theorem 1.1

3.1. Upper bound. We start by showing that p(Oy) < f for each split-free
f. We may (and will) assume that f > 1. By Proposition 2.1, for each split-free
number f > 1,

o0 < %Dav ;) + gQ(f).

Clearly,

22 = JT 2 < [[ »* =1 sothat Q(f) < log ,
prIf prIIf
and log f < f. Furthermore, we have from (2.2) that

Dav Cl(Oy) < hg Dav PrinCl(Oy).

It therefore suffices to show that DavPrinCl(O;) < f. This is an immediate
consequence of the following result, which will also be needed later for real K.

PrOPOSITION 3.1. Let K be any quadratic field. For every natural number f,

(3.1) Dav PrinCI(O;) < .

(f)
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The main ingredient in the proof of Proposition 3.1 is an elegant result of
van Emde Boas and Kruyswijk [EBK69] which bounds from above the Davenport
constant of a finite abelian group G in terms of Exp G.

PROPOSITION 3.2. Let G be a finite abelian group, and put

#G
r(G) = .
Exp G
Then

1 +logr(G)
DavG < #G | ———=

we <6 (20

The function ¢ — % is decreasing on the domain ¢ > 1, with maximum

value 1. Thus, D(G) < #G always, with strict inequality whenever r(G) > 1 (that
is, whenever G is not cyclic).

In order for Proposition 3.2 to be of use in the proof of (3.1), we need a handle
on r(PrinCl(Oy)). This will be given to us by the next lemma. Below, we write
rks G for the 2-rank of G.

LEMMA 3.3. For every finite abelian group G,
expG | 272 G4 @,
Hence,
T’(G) > 2rk2 Gfl'

PROOF. The second claim is immediate from the first, so we focus on that.

If rko G < 1, the asserted divisibility is trivial, so we assume rko G > 1. We
may also assume G = AQZ/2"Z B L/22L & --- D Z/2" 7, where | = tky G, the r;
satisfy 1 <7y <rg <--- <7y, and A has odd order. Then

ExpG | YA = ol-1 Q(l—l)-‘rn#A | 9l-l, 2T1+T2+"'+T171+T5#A _ 21—1#(;. 0

PROOF OF PROPOSITION 3.1. Let w denote the number of (distinct) odd primes
p dividing f which are inert in K. We will bound rk, PrinCl(Oy) below in terms of
w and then apply Lemma 3.3.

If p* || f with p odd and inert in K, then #PreCL(O,) = 1(p*) = pF + p*F~1 is
even. Hence, rky PreCl(O,x) > 1, and

rky PreCl(Oy) = Z rky PreCl(Opr ) > w.
prIf
As Uy is cyclic, tko Uy < 1, and
PreCl(Oy)
f

ko PrinCl(Oy) = rko > rko PreCl(Oy) —rko Uy > w — 1.

Thus, by Lemma 3.3,
7 :=r(PrinCl(Oy)) > 2%~ 2
Suppose that w > 2. Then r > 2¥~2 > 1, and Proposition 3.2 yields

Dav PrinCl(Oy) < ¥(f) 1+ logr < Y(f) L+ log 272 < dw P(f)

o) o ) 2e? 2w L(f)
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As f is split-free, we have w(f) < w+ 1+ w(Ag). (Per the usual convention
in analytic number theory, we write w(-) for the count of distinct prime factors.)
Therefore,

<fH<1+ > (3/2)“W) f < (3/2)wtite(bn)
plf

and

: 4w w(f) 1+w(A wy J
Dav PrinCl(Oy) < — —= 3/2) AR (4 (3/4) W) L.
(0) < o7y < (/240 (s /a)”)
In this last expression, the coefficient of f/£(f) is bounded by a constant depending
only K, establishing (3.1) when w > 2.

If w < 1, the argument is easier. In this case, w(f) < 2+ w(Ak), and

Dav PrinCl(Oy) < #PrinCl(Oy) = 12)((;))
-1 _1(Ax win 1o f
(-3 (5)) s oo iy <

plf

O

as desired.

3.2. Lower bound. We turn now to the (much simpler) proof that p(O,) > p
for all p that do not split completely in K. If p =2 or p = 3, then p(O,) > 1> %p
so we suppose that p > 3. By Proposition 2.1 and (2.2),

1
p(Op) > 5 Dav PrinCl(O,).

The group PrinCl(0O,) is cyclic, as a quotient of the cyclic group PreCl(O),) (see
Lemma 2.2). Whenever G is cyclic, Dav G = #G (see, e.g., Lemma 1.4.9 on p. 27 of
[GHKO06].) Thus, Dav PrinCl(0,) = #PrinCl(O,) = ¥ (p)/¢(p), and we conclude
that

¥(p)
(3.2) p(Op) 2 2(p)

Up to this point all of our reasoning has been valid whether K is real or
imaginary. But if we assume K is imaginary, then ¢(p) < #0j < 6, leading to the
conclusion that N

vw) _P— (G _p
e T TR T
for all non-split p > 3. This establishes the lower bound claimed in Theorem
1.1. In fact, we have shown that the implied constant there can be taken as %,
independently of K.

4. Minimal order in the imaginary case: Proof of Theorem 1.2

Our proof of Theorem 1.2 is based on arguments of Erdds, Pomerance, and
Schmutz [EPS91] used to estimate the minimal order of Carmichael's lambda function
A(m) := # Exp(Z/mZ)*. According to the first half of Theorem 1 of [EPS91], we
have

A(m) > (log m)(@-}-o(l))logloglogm
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whenever m — co. (As usual in analytic number theory, o(1) denotes a quantity
tending to 0.) The second half of that theorem asserts the existence of a strictly
increasing sequence of natural numbers {m; };>1 such that

)\(ml) < (10g mi)co log log log m;

for all 7 > 1.
We need an L(f)-analogue of the quoted results, where L(f) is the function
defined in (2.4).

PROPOSITION 4.1. Let K be a quadratic field. For any sequence of natural
numbers f — oo,

L(f) > (log f)(ﬁ-w(l))logloglogf,

uniformly in K. On the other hand, for some universal constant co > 0, and each
fized choice of K, there is a strictly increasing sequence {fi}i>1 of positive integers,
each of which is a product of distinct primes inert in K, such that

L) < (og fyye st

for all i > 1.

Taking Proposition 4.1 as shown, we can quickly conclude the proof of Theorem
1.2. We start with the lower bound (1.2). From Proposition 2.1 and (2.2), p(Oy) >
1 Dav PrinCl(Oy). As PrinCl(Oy) is the quotient of PreCl(Oy) by the subgroup Uy
of order #U; < #0% < 6, we have Dav PrinCl(Oy) > & Dav PreCl(Oy) (see [FP,
Lemma 2.4]). Therefore,

1 1 1
> = > > _—
p(Oyf) > 73 Dav PreCl(Oy) > 13 Exp PreCl(Oy) > 12 L(f),

invoking Proposition 2.3 at the last step. The lower bound of Proposition 4.1 thus
implies that (1.2) holds for any constant ¢; < 1/log2.

The upper bound (1.3) is slightly more intricate. From Proposition 2.1, (2.2),
and the bound Q(f) < log f, we have

(4.1) p(Oy) < Dav PrinCl(Oy) + log f
for all split-free f. Applying the Van Emde Boas—Kruyswijk exponent bound
(Proposition 3.2),

Dav PrinCl(Oy) < Exp PrinCl(Oy) (1 + log W)

Exp PrinCl(Oy)
< Exp PrinCl(Oy)(1 + log ¢ (f)).

Now (f) < (3/2)“Y) f, so that

log () < w(f)log 5 + log f < O(f)log 5 +log f < log /.
We conclude that for all split-free f,
Dav PrinCl(Oy) < Exp PrinCl(Oy)(1 + log f)
(4.2) < L(f)(1 +log f).

The upper bound half of Theorem 1.2 now follows from (4.1), (4.2), and the upper
bound result of Proposition 4.1. Indeed, fixing any cs > ¢g, we find that (1.3) holds
for all large enough f (large enough in terms of K) from the sequence {f;}.
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The remainder of this section is devoted to the proof of Proposition 4.1. We
make little claim to originality here; our arguments are straightforward adaptations
of those in [EPS91].

4.1. The lower bound in Proposition 4.1. We start by observing that
L(f) — oo whenever f — oo. Indeed, if L(f) < B for some constant B > 0,
then p* < 2B for all p* || f, since L(p*) > p(p*) > p*/2 for all prime powers p*.
Consequently, there are only finitely many f for which L(f) < B.

Next, a case-by-case analysis shows that L is at most 4-to-1 on prime powers.
To see this, we show that every m € N is the L-image of at most 4 prime powers.
Since the restriction of L to powers of ramified primes is the identity function, the
L-preimage of m contains at most one power of a ramified prime. Let p be the least
prime for which there exists some k € N with L(p*) = m.

Case I. p is ramified in K.

Let L(q¢') = m for some ¢! # p*, where ¢ > p is unramified in K. Suppose first
that ¢ splits in K. For this case, we have p* = ¢! (¢ — 1), which implies that [ = 1
and thus ¢ = p¥ + 1. Suppose now that g is inert in K. Then p* = ¢'~*(¢+1). So
[ =1 and g = p¥ — 1. We conclude that m is the L-image of at most 3 prime powers.

Case II. p splits in K.

Again, let L(q') = m for some ¢ # p* with ¢ > p. Suppose first that ¢
is ramified in K. Then ¢ > p, which leads to p*~!(p — 1) # ¢!, contradicting
L(p*) = L(q"). If q splits in K, then p*~!(p — 1) = ¢~ (¢ — 1). Since ¢’ # p*, we
have ¢ > p. This implies that [ = 1 and ¢ = p*~1(p — 1) + 1. If ¢ is inert in K, then
qg>pand pf~1(p—1) = ¢""Y(¢+1). Once again, we must have [ = 1, from which
we deduce that ¢ = p*~1(p — 1) — 1. So as in Case I, m is the L-image of at most 3
prime powers.

Case III. p is inert in K.

Suppose that L(q¢') = m for some ¢' # p* with ¢ > p. If ¢ is ramified in K,
then ¢ > p and p*~1(p+ 1) = ¢'. In particular, we have ¢ > p+ 1 and ¢’ | (p + 1).
So we must have [ = 1 and ¢ = p + 1. Next, if ¢ splits in K, then ¢ > p and
pF 1 (p+1)=¢ (g —1). If I > 1, then the same argument shows that [ = 2 and
q=p+1. Of course, we get ¢ = p*~*(p+1) +1 when [ = 1. Finally, if ¢ is inert in
K, then p*~1(p+1) = ¢!~1(g+1). Since ¢ # p*, we have ¢ > p. When [ > 1, we get
| =2 and ¢ =p+ 1 once again. When [ = 1, it is obvious that ¢ = p*~1(p + 1) — 1.
In view of the fact that ¢ = p + 1 can occur for at most one of the three possible
cases for g, we conclude that m is the L-image of at most 4 prime powers.

This concludes the proof that L is at most 4-to-1 on prime powers.

We can now complete the proof of the lower bound on L(f). Let f be sufficiently
large, and suppose that L(f) = m. Since p* < 2¢(p*) < 2L(p*) for all prime powers
p*, we have

I IR |1 QR | R
P |f d|m pk: L(p*) dlm
L(p*)|m

where 7(+) is the divisor counting function. Using the inequality

T(m) < 2(1+O(1)) log m/ log log m
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(see [HWO8, Theorem 317, p. 345]), we deduce that
f < exp ((410g(2m))2(1+o(1))logm/ loglogm> ,

from which it follows that
L(f) =m > (log f)(l/log 2+0(1)) loglog logf.

As the inequality “f < (2m)*7(™” holds independently of K, the “o(1)” term
appearing in these last two displays decays to 0 uniformly in K.

4.2. The upper bound in Proposition 4.1. We need two lemmas. The
first of these appears as Proposition 8 in [APR83]. For each real number z > 0
and each pair of integers a, k with & € N and ged(a, k) = 1, put

O(x; kya) = Z log p.

p<w
p=a (mod k)

LEMMA 4.2. Let € > 0. There are computable positive constants 6 and xo such
that

x x
O(x;k,a) — ——| < e——=
foskco) - 275 < <25
for all x > x, all k € NN [1,2°] and all a € Z with ged(k,a) = 1, except possibly
for those k which are divisible by a certain integer ko = ko(x) > (logx)3/2.

The next result is a variant of [APR83, Proposition 10].

LEMMA 4.3. Let K be a quadratic field. For all x that are sufficiently large in
terms of K, there is a natural number M, < x2 for which

. . log x
4. K: 1) | M — .
(4.3) #{p inert in (p+1)| My} > exp (Clog loga:)

Here C' is a positive, universal constant.

PROOF. We let §,z¢ > 0 be the parameters of Lemma 4.2 corresponding to the
1

choice € = 3.

Without loss of generality, we may assume that ¢ is sufficiently large (in terms
of K). For x > xg, let k1 = k1(x) denote the product of all the unramified primes
p < 36logz. Then ki < 2°/|Ak|. Let P be the largest prime factor of A, and let
po > P+ 1 be an arbitrary common prime factor of kg and ki, with the convention
that pg = 1 when ged(ko, k1) has no prime factors at least P+ 1. Put k = k1 /po. If
po > 1, then it is obvious that ko { kKA. On the other hand, if pg = 1 and ko | KAk,
then all of the prime factors of ko would be at most P. Since ko > (logz)3/2, there
would exist some p < P such that p* | k. But ged(k, Ag) = 1, k is squarefree, and
A = 2"s, where r € {0,2,3} and s € Z is odd and squarefree, so that p* { kAg, a
contradiction. Therefore, we have ko t KAk in both cases.
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For each d | k, we have from Lemma 4.2 that

SEEEEED DD S

p<z i€(Z/|AK|Z)™ p<z
p=—timoda) LI e, (mod A kcla)
p inert in K
1
> or s Z 0(z; |Ak|d, ajy)
JE(Z/|1AK|Z)
(Ak/j)=-1

X
SYTIP S
Axld)logz
o(|Ak|d)log e

(Br/f)=-1
v o(|AKk|)
=(1—c¢ .
0= S laxDe@logs 2
X
~ 4p(d)logax’

where a; € (Z/|Ak|dZ)* satisfies a; = —1 (mod d) and a; = j (mod |Ag]).

We now use this estimate to lower bound the cardinality of the set A of pairs
(m,p) € (NN [1,])? satisfying the congruence m(p + 1) = 0 (mod k), where p is
inert in K. To this end, we define

Aqg:={(m,p) e A: d| (p+1) and ged(m, k) = k/d}

for each d | k. Then A is the disjoint union of A4’s over d | (p + 1). Note that the
number of m < z with ged(m, k) = k/d is at least ¢(d)|2z/k]. Hence, we obtain

2

i x
Ag> T p(d) @ /k
#4a> idtoge P DK > Srcee
and
#A Z#A > s (k) x’ w(k) z? NUDTTE
- ' = oo -5 1 og log =
dlk 7 Bk logz ! 5klogx 5k log z )
where we have used the prime number theorem to get
J (6/4)log @
k) > (Sloga ) —w(Ak) —1> =
. )_W<2 Ogm) w(A) ” loglog x

for sufficiently large x depending on Ax. Since m(p+1) € {n < 22: k | n} for every
pair (m,p) € A, some n < 22 with k | n must admit at least

#A S 1 gGlhloee o 0 logx
I S T 9 Togless e
22/k = 5logx “P% log log =

representations of the form n = m(p + 1) with (m,p) € A. (We use here that
ilogQ > %) The proof of (4.3) is completed by taking M, to be this n. O

We are now in a position to establish the upper bound in Proposition 4.1. Let
C be as in Lemma 4.3. Put z; = (logi)(?/¢)logloglogi and

g= 1] »

p inert in K
(p+1)‘Mz7
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By (4.3), we have

log x; ;
o> J[ 2>ew (( 08 2) exp <Clog10ga?i>) .

p inert in K
(p+1)| M,

for sufficiently large i. Moreover, we have L(g;) | M,,, which implies that
L(gi) < Mw, < xz2 _ (log i)(4/C) log log log 7 < (loggi)co log log log g;

for sufficiently large i, where ¢g := 4/C. The asserted upper bound follows by
extracting a strictly monotonic subsequence { f;};>1 from {g;}i>1.

5. Minimal order in the real case: Proof of Theorem 1.4

Let K be a real quadratic field. We remind the reader that ¢ denotes the
fundamental unit of K, and we set

o 1 ifNK/Q(G)ZL
|2 if Ngjgle) = -1

If p is a prime inert in K, then its associated Frobenius element is conjugation
on K (the nontrivial element of Gal(K/Q)). Hence,

"t = ePe = Ngg(e) (mod pOk),

and

ESPrHl) = Ng/g(€)’ =1 (mod pOg).
Thus, the order of € in (Ok /pOk)* is a divisor of §(p + 1). We will base our proof
of Theorem 1.4 on the following result of Roskam [Ros00].

PROPOSITION 5.1 (conditional on GRH). There are infinitely many primes p,
inert in K, for which the order of € in (Ok /pOk)™ is precisely §(p + 1).

(In fact, Roskam shows that the order is d(p + 1) not only for infinitely many
inert primes, but for a positive proportion of all inert primes. The weaker version
here is sufficient for our purposes.) Theorem 1.4 is an immediate consequence of
Proposition 5.1 in conjunction with the next assertion.

PROPOSITION 5.2. If p is a prime inert in K for which ¢ has order 6(p+ 1) in
(Ok /pOK)™, then
3
p(Op) < hic + 3.
PROOF. Let p be as in the proposition. Then €/®) = n (mod pOy) for some
rational integer n prime to p. By Fermat’s little theorem,

PP =1 (mod pOr).

We are assuming that e has order 6(p+ 1) in (Ox/pOx)*. Hence, the displayed
congruence forces

pH+1[olp+1)|(p—1)p).
Writing (p — 1)¢(p) = (p+ 1)¢(p) — 2¢(p), we deduce that p+ 1 | 2¢(p). In particular,

{(p) > %.



16 KAI (STEVE) FAN AND PAUL POLLACK

By Proposition 2.1 and (2.2),

1 h h
p(Op) < 5 Dav Cl(O),) + 2 < — Dav PrinCl(O,) + g %#PrmCl(O )+ g
The proof is completed by observing that #PrinCl(O0,) = M ) = <2 O

p) (P)
6. Maximal order in the real case: Proof of Theorem 1.3

6.1. Upper bound. We start by showing that p(O;) < f/log f for each
f > 1. By Proposition 2.1 and (2.2),

(0 < %K Dav PrinCl(O;) + gQ(f).

As Q(f) < log f < %, it suffices to demonstrate that Dav PrinCl(Oy) <« @.

According to (3.1), we have DavPrinCl(Oy) <« f/¢(f), so we will be done if we
prove that

U(f) > log f.

For this we may assume f is sufficiently large (bounded f can be dealt with by
adjusting the implied constant). Say K = Q(v/D) with D squarefree, and let 7p be
defined as in (1.1), so that 1, frp are a Z-basis for Oy. If we express ) =U+Vrp,
then V is a positive integer multiple of f. Writing €/(/) = u 4 vv/D (with u,v € 7Z),
we find that v > %V > %f Therefore, using a tilde for conjugation in K,

D) @) ) 41

vD VD

Hence (continuing to assume f is large),

D> VD-1>f,

(6.1) f<2v=

and £(f) > &L 5 Jog f.

log,

6.2. Lower bound. Now we turn to the lower bound (1.4). Let p be a prime
inert in K with p > 3. According to (3.2),

1p+1
p(Op) = 577
)= 5w
and so it suffices to produce infinitely many inert p with
p+1 1
6.2 — > 2pi”c.
02 @)

For this we borrow Lemma 6.4 from [FP].

LEMMA 6.1 (conditional on GRH). Let K = Q(v/D) be a real quadratic field,
where D > 1 is squarefree. Let ) = € or €2, according to whether Nk g(e) =1 or
—1, respectively. Let q be an odd prime not dividing D, and let y > 2 be a real
number. The count of primes p <y for which
(6.3) pisinertin K, p=—1 (modgq), and n®*YV/71=1 (mod p),

18

: /J - +O0(y'?log (qy))
2q(q—1) Jo logt Y sy,

where the implied constant depends at most on K.
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PROOF THAT (6.2) HOLDS FOR INFINITELY MANY INERT p. Fix ¢ € (0,1/2).
For large y, we select an arbitrary prime ¢ satisfying

yiTEC < g <yiTae
By the prime number theorem, there will be many choices for ¢ once y is large
enough, and none of these will divide D. Using C for a constant depending at most
on K, the count of p < y satisfying (6.3) is bounded below by

1 /y de 1/2 Y 1/2
—Cyt/ logy>7/ dt — Cy'/?logy
2q(q—1) J; logt 2q(q —1)logy J
1ystie 1/2
,7_@/ logy

> y%*'ie.

In particular, for all large y there is at least one such p. As n®+1/4 =1 (mod pOk),
and 7 = € or €2, we must have ¢®*1/9 = £1 (mod pOf). Hence, e?TV/7 € O,
and £(p) | pfjl. Therefore, q | %, and
p+1 1
> q>y*
t(p)
verifying (6.2).
To see that this argument produces infinitely many p, note that p > g > y%*%E,
while y can be taken arbitrarily large. [l

REMARK. Let K be a real quadratic field. For each m = 0,1,2, ..., write 2¢™ =
U + Um VD, where tm, vy € Q. Then wp,, vy, € N, and vy, grows exponentially
with m; in fact, v, ~ €™/v/D, as m — oo (compare with (6.1)).

We conjecture the existence of a constant § = dx > 0 for which the following
holds:

(6.4) Uy, has an inert prime factor p > v?, for infinitely many m € N.

Suppose p,m are related as in (6.4), and that m is large. Then p > 3, and
p | v, implies that €™ € O,,. It follows that

{(p) < m < log vy, < logp,

and
Ip+1 P

> —— .
PO 2 3 i) ~ logp

So if our conjecture (6.4) holds, then the upper bound of Theorem 1.3(a) is sharp.

To illustrate, let K = Q(v/2). In this case, ¢ = 1 4+ v/2, each v,, is even, and
%vm is commonly termed the mth Pell number. It seems plausible to conjecture that
there are infinitely many Pell numbers that are themselves prime; e.g., looking at
indices m < 1000, one finds that %vm is prime for m = 2, 3, 5, 11, 13, 29, 41, 53, 59,
89, 97, 101, 167, 181, 191, 523, 929 (this is OEIS sequence A096650). Among these
m, the prime %vm is inert in K roughly half the time, for m = 3, 5, 11, 13, 29, 53,
59, 101, 181, 523. We view this as compelling evidence that when K = Q(v/2), our
hypothesis (6.4) holds for any ¢ € (0,1).
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