A FAMILY OF ANALOGUES TO THE ROBIN CRITERION
STEVE FAN, MITS KOBAYASHI, AND GRANT MOLNAR

ABSTRACT. The Robin criterion states that the Riemann hypothesis is equivalent to the
inequality o(n) < e"nloglogn for all n > 5040, where o(n) is the sum of divisors of n, and
v is the Euler-Mascheroni constant. Define the family of functions

olfl(n) = Z dy...dg
[d1,....dr]=n

where [dy, ..., d] is the least common multiple of dy, . .., d;. These functions behave asymp-
totically like o(n)* as k — oo. We prove the following analogue of the Robin criterion: for

any k > 2, the Riemann hypothesis holds if and only if ¢l*l(n) < W for all
n > 2162160, where ( is the Riemann zeta function.

1. INTRODUCTION

In 1894, von Sterneck [25] introduced arithmetic functions F of the form

F(n)=Y_ fild)- - fuldy),

[d1,....dr]=n
where [dy, ..., dg] is the least common multiple of di,...,d; and fi,..., fi are arithmetic
functions. (See also Lehmer [9, [10].) In particular, von Sterneck considered f; = --- = f =

©, the Euler totient function, in which case F' is the Jordan totient function. Note that the
definition of F' is equivalent to the identity

F(n) _ Ji(dy) - -+ fi(di)
Z?_d 2 [dl,...,;k]sk ‘

n>1 Tyeeydp 1

Taking f;(n) =n for all i = 1,... k, we make the following definition.

Definition 1.1. For k > 1 an integer, and n € Z, we define ¢!!l(n) := n and

o¥(n) = Z dy - dy.

[d1,...,dg]=n

The function o (n) is a special case of [4, (5.10)], but the study of the family of functions
ol¥l(n) appears to be new.
Lehmer [10] proved that for any arithmetic function f :Z-q — R, we have

k

(1) > fldy) - flde) =D pnfd) [ D FO) |

[d1,...,dr]=n dn o|ld

where g is the Mobius function. The expression on the right makes sense if the integer &
is replaced by any complex number k. We call this expression the xkth LCM-power of f. In

this paper we will focus on the case real x > 1.
1
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Definition 1.2. For x a positive real number, and n € Z~, we define
(2) o(n) =" p(n/d)o(d)",
d|n

where o(n) is the sum-of-divisors function.

Note that by (I]), [Definition 1.2] agrees with [Definition 1.1] whenever x = k is a positive

integer.
The notation ol is motivated by the fact that for each n € Z-o,

d"l(n) ~ o(n)" as k — .

Moreover, o/(n) approaches o(n)* monotonically from below as x — oo. Indeed, since
ol®l(n) is multiplicative, it suffices to note that

R (o e D

These relations motivate us to examine other properties of o analogous to those of o*.
We start by estimating the partial sums of o*!(n).

Theorem 1.3. Let k > 1. We have

Z o (n) = (k+ 1C)<§()Fa + 1)93%1 + Ola"(logz)")

n<x

for all x > 2, where C is the Riemann zeta function,

O'[H] n
) cl) = 30 1,

and
(4) o (n) =" u(n/d)o_,(d)"
dn

is the kth LCM-power of 1/n.

We next derive an upper bound for ¢"!(n), and thereby prove an analogue of Gronwall’s
theorem [7, (25)]

(5) lim sup I O =1

n—soo €Ynloglogn
namely that the maximal order of o[ is

(e"nloglogn)”
¢k)

where v is the Euler-Mascheroni constant.

Theorem 1.4 (k-Gronwall’s Theorem). Let k > 1 be a real number. We have

(%]
lim sup (r)o(n) =1
nsoo  (€7nloglogn)®
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Our next result provides an equivalence between the Riemann hypothesis and an elemen-
tary inequality for o!¥!(n), analogous to the Robin criterion. The Robin criterion, which was
established in 1984 [19], states that the Riemann hypothesis is equivalent to the inequality
(6) o(n) < e’nloglogn

for all n > 5040. The weaker statement that if the Riemann hypothesis holds then @ holds
for sufficiently large n was already shown by Ramanujan in 1915 [I7, 18]. (See [3] for the
history.) We prove the following analogue to the Robin criterion.

Theorem 1.5 (k-Robin criterion). Let k > 3/2 be a real number. The following are equiv-
alent:
(1) The Riemann hypothesis holds;
(2) For all n sufficiently large, we have
(e"nloglogn)”®
¢(x)

If Kk > 2, we may replace above with the condition
(2") For all n > 2162160, we have

o(n) <

(e"nloglogn)”

¢(k)
Remark 1.6. We obtain the Robin criterion with the larger threshold n > 2162160 in place
of n > 5040 by multiplying both sides of @ by ((k), taking the xth roots, and appealing

to below. To recover the original version of the Robin criterion, one needs only
to verify Robin’s inequality @ numerically (as Robin himself did) for 5040 < n < 2162160.

(7) o"(n) <

Let H, ==} .., 1/m denote the nth harmonic number. It is well-known that
H, =logn+v+ O(1/n)
as n — oo. In 2000, Lagarias provided an alternative formulation of the Robin criterion,
establishing the equivalence of the Riemann hypothesis to the inequality
(8) o(n) < H, + eef'rlog H,
for all n > 1 [8, Theorem 1.1]. We prove the following analogue to Lagarias’ criterion.

Theorem 1.7 (k-Lagarias criterion). Let k > 4 be a real number. The following are equiv-
alent:

(1) The Riemann hypothesis holds;
(2) For alln > 1, we have

(Hn + eYell" log Hn)n

(k)
Outline and Notation. The remainder of this paper is organized as follows. In [Section 2]
we recall several classical arithmetic estimates needed for the proofs of our main results.
In [Section 3 we determine the mean value and extremal orders of the arithmetic function
oll(n). In |Section 4|7 we define the k-colossally abundant numbers in analogy with the colos-
sally abundant numbers of Ramanujan [I7, 18] and Robin [19], and develop their properties

by means of an auxiliary function F"!(z,a). In [Section 5| we leverage Robin’s Theorem
(Theorem 5.1|) to prove (2) = ([1}) in[Theorem 1.5 In[Section 6 we use the theory developed

in to prove (1) = (2) and then (when xk > 2) to prove (1) = in [Theorem 1.5
In we establish [Theorem 1.7} In [Section 8§ we give some possible directions for

o"(n) <
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future work. In our appendix, we give a direct proof of our analogue to Robin’s theorem in
the case k = 2.

For any = € R, we denote the floor of x by |z], which is the largest integer not exceeding
x, and the ceiling of « by [z], which is the least integer no less than x. The letter p
always represents a prime number. We write m(x) for the prime counting function and
0(x) = > <, logp for the Chebyshev theta function. We use Landau’s big-O notation
and Vinogradov’s notation < interchangeably, and also adopt the standard order notations
0,>>,~ from analytic number theory. Unless stated otherwise, all implied constants may
depend on k.

2. ARITHMETIC ESTIMATES

In this section, we collect some classical arithmetic estimates which we will require later
in the paper.

2.1. Unconditional estimates. Even without the Riemann hypothesis, we can obtain
meaningful bounds for various functions of arithmetic interest.

Lemma 2.1. For x > 286, we have

1 1 1
Slogr|[1—-—— | < 1—p ! < e'logx 1+—>.
& ( 2(10gx)2> H( b ) & ( 2(10gx)2

Proof. Rosser—Schoenfeld [20, Theorem 8, p. 70]. O

Lemma 2.2. Let A > 1 and let x > 1. We have
Z Y 101624)\2517)\

< —
o (A—1)logx
Proof. We follow the proof in Rosser—Schoenfeld [20, p. 87], using their Theorem 9 without
rounding up the value 1.01624 to 1.02. 0J

Lemma 2.3. Let k > 1 be a real number. For x > 20000, we have

1 e 1 1.01624k2 " 1
< T < e (M0

Proof. The left inequality is immediate. By [Lemma 2.2] we have

1 1

1 — —K) — e - —Kn

[y (S )
1 1.01624Kkx T

<mexp< log z Zmn—l)

n>1

< 1 1.01624k21 " 1 1 (1 _,,i>
ex —log(1—=
~ ((r) P log x k—1 &

1 1.01624kx1 " 1
< — 0.000052
¢(k) eXP ( log = ( 1 + ))

where the last equality follows because —log(1 —z7") < —log(1 —20000~") < 0.000052. O
Lemma 2.4. For x > 19421 we have
|6(2) — | <

1 + 0.000052)) .

S8logx’
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Proof. Schoenfeld [22 Corollary 2*, p. 359]. O

Lemma 2.5. Let k > 3/2 and z > 1. We have

(9) 1SH%<GXP(M)-

s xFlogx
Proof. The left inequality is immediate. Now recalling Bernoulli’s inequality 14+rz < (1+x)"
for r > 1,2 > —1 and that log (1 +u) < u for —1 < u < 0, we compute

1 - L

-+ 1_< p+1>
H = = exp Zlog 1+ pr—

p>x p>x

Zl_<1_1ﬁ)

< exp P 1
p>x pr =
K
< exp .
(Z D - 1>>
We have
93/2ppit1 Pt
H(p"—1) > >
P+ 1)@= 1) 3 1.06067’
SO
1—(p+1)* ( 1.06067x
H — Y .  <e&xp Z 5 |-
p>x 1 -bp p>x p
Applying we obtain (7). O

2.2. Conditional estimates. If the Riemann hypothesis holds, we can obtain stronger
bounds in a few cases of interest.

Lemma 2.6. If the Riemann hypothesis holds, then for x > 20000, we have

—V2 4
H (1—p*2)§exp V2 + 5 |-
VIs<p<z Vrlogr  \/z (logz)
Proof. Robin [19, Lemma 6. O
Lemma 2.7. If the Riemann hypothesis holds, then for x > 599 we have
1 2
10(z) — x| < —\/E(ij"”) .

As a consequence, for x > 0 we have §(z) < 1.000081z. For x > 11927 we have 0(z) >
0.985z.

Proof. Schoenfeld |22, Theorem 10|, Broughan [3, Lemma 3.11], and Rosser—Schoenfeld [21]
Corollary to Theorem 6, p. 265]. O

Remark 2.8. The bounds 0.985x < #(x) and 6(x) < 1.000081z could be refined using [11]
Proposition 2.1], but we do not require such improvements for our results.
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Lemma 2.9 (Nicolas’s bound). If the Riemann hypothesis holds, then for x > 20000, we

have
A 2+ 8 o)
pl;{ (1 - 5) < €’ logf(x)exp (ﬁlogm + \/E(log:z:)Q) )
where
2
(10) alz) = (0(x) —x)” (1.31 + log ) L (B—2)+ 8+4p3 n 2log x N (log 27) log

23/2 log x xl/6 xl/2 ’
and B =+ 2 —log4r.

Proof. Robin [19, Lemma 5]. We note in passing that Broughan inadvertently introduces
an extra 2 in front of the term (log 2m)logz/z'/? when he rederives this result [3, Lemma

7.7]. 0

3. ASYMPTOTICS OF ol®l(n)

In this section, we provide both the mean value and extremal order for the functions
ol®l(n) when x > 1.

3.1. Mean value of ol/(n). We furnish the mean value for the functions ¢*!(n) when
k > 1, by means of the following proposition.

Proposition 3.1 ([I, Corollary 1, p. 66]). For k > 0 we have

[1/3]—1
; o"(n) = lj(—_f)lx"ﬂ + " ; a,(logz)"" + O (z"(log 2)%/3(log log :v)4”/3)

for all x > 3, where c(k) =3, -, J[ﬂ (n)/n as in @), and a, = a,(k) are real constants.

We now proceed with the main theorem of this subsection.

Theorem 3.2 (Theorem 1.3). Let k > 1. We have

[r/3]1-1
K C(K’) K K / K= K K K
§ a"l(n) = CEDRCE 1)30 o ;:0 a.(logz)"™" + O (2" (log x)*/3(log log z)**/*)

n<x
for all x > 3, where a. = al.(k) are real constants.

Proof. We apply Dirichlet’s hyperbola method to obtain

S o) = S ula) 3 @) + 3 o) 3 wla) = 3 ula) 3 o5 (0),

n<z a<ly b<z/a b<z/y a<lz/b a<ly b<z/y

with y = z/*.
To estimate the first double sum,

(11) > ula) Y ot (b),
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we use [Proposition 3.1] on the inner sum of (1)), and find equals

w1 eI TN KT
LS (5 2 a2 ul o) (;) (0sl) =

agzl/ﬁ a<x1 K

o[ £ 6 ()" st ?) "

a<gl/r

The final big-O term may be estimated as being

AW 2k/3 /3| _ K 2k/3 4r/3 1
O Z (a) (log )™ (log log x) O | z"(log z)*"/*(loglog x) Z e

CLS{L‘l/“ agwl/n

=0 (x“(log 2)%/3(log log 93)4“/3) ,

ZM _CL O(xlf/i)’

n<x

since k > 1. Since

the main term of is

) o g~ B0) )
e N e I

agxl/n

To estimate each of the terms
pi(a) T\
ot 3 S (o g)
agl,l/m

we use Newton’s binomial theorem with error term:

(logz —loga)"" = Z (l{ R T) (—1) (loga)’(logz)* "7 + O ((log a)’ ™ (log x)”*"ﬂ’*l)

=0 N 7

where for each r we split the series at J = J, satisfying k —r — J, — 1 <2r/3 < Kk —1r — J,,
so that
= [k/3] —r— 1.

Then we have

(log g)w = i (K - T) (—1)! (log @)’ (log )"~ + O ((log a)"*/*1~" (log 2)**/?) ,

=0 N 7

yielding the estimate

S M (1 D)2y M (_) ) (log a)(log )"

a<gl/r a<zgl/r J
(log a)!=/31=" 20/3
+0 Hoga) " (1 g 3y2%/
agl/“ ar

(K - T) (—1)/(log a)? (log z)""7 + O ((log z)**/?) .

<
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Thus we have

a,z" Z 1

agxl/n

a) (log g)n—r _
oo Y M

a<gl/r

Z (K B T) ) (log a)’ (log )"~/ + O (2" (log x)2“/3) :

for 0 < r < [k/3] — 1. Following the same method we used for our main term, and
re-indexing as needed, we see that is already equal to our desired expression,

[k/3]—1

C(/‘i) K+1 K / K—T K 2k/3 4k/3
T g a,(log )" + O (z"(log z)**/*(log log x)**/?) .
(k+1)C(k+1) —

Next we show that the two remaining double sums belong to the error term. For the
second double sum, we have

. . x o"(b
> om0 Y ua- X cwo(s)-ols ¥ Y
nglfl/n aSl‘/b ngl—l/n nglfl/n
Now we use partial summation and by [Proposition 3.1| the estimate
(12) > o"(n) =0 («")
n<x
to obtain
U“(b) 21/ ; x/al/n .
D D DIECCRY B SraCY
b<gl-1/r b<z/zl/" 1 b<u
zl/E x O\l wfatlt KA1
— 0 (z* )

Thus we have

b<gl-1l/k a<z/b

To estimate the final double sum, we use the trivial estimate

> nuln) =

n<zx

and the estimate so that

S oula) Y o (B) = 0@ (/o)) = O ().

agajl/n nglfl/m

This establishes our result. O
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3.2. Mean value of ¢?/(n). In this subsection, we improve on [Theorem 3.2| in the case

k = 2 by determining explicit constants. To do so, we require another result from [IJ.

Proposition 3.3 ([I, Theorem 1, Theorem 2, and Lemma 3]). Let {a(n)}>>, be a sequence
of real numbers satisfying

Za(n C(s+1)f(s+1),

nS

n=1

and suppose moreover that f(s) has a Dirichlet series expansion which is absolutely conver-
gent in the half plane 0 > 1 — X for some A > 0. Let

(13) Cls+Df(s+1) =Y ”fﬂ;‘)‘
Then
(14) »an)=z)_ @ - % > w(n) + O((log z)*/*(loglog )*/*)

for all x > 3, where the implicit constant in the error term depends at most on .

Remark 3.4. The statement of [Proposition 3.3 is significantly simplified from the original:
in full generality, we allow an arbitrary positive power « of the ( function, and the error
term on the right-hand side of will also depend on «a.

We also require a formulation of the Selberg—Delange method.

Proposition 3.5 (|23, Theorem I1.5.2]). Let { a, },, be a positive sequence of real numbers,
and suppose F(s) =Y o, a,n"* e
F(s)¢(s)™® can be continued as a holomorphic function of s = o + it for 0 > 1 — co/(1 +
max (0, log 7)), and |F(s)((s)™| < M(1 + |7|)*=°. For x > 3, we have

S0 = allog) ( > % 10 (M@—wm))

n<x 0<k<a-1

where ¢1 = ¢1(a, M, co) > 0, M) = pp(a)/T(a — k), and the pi(a) are defined by the

Taylor expansion
s*F(s+1
o541 Z px(

k>0

is a Dirichlet series and o > 0 is a real number such that

The implicit constant in the error term depends at most on ¢y, a, 9.

Although the results [I, Theorem 1, Theorem 2, and Lemma 3] and [23, Theorem I11.5.2]
are more general than [Proposition 3.3 and [Proposition 3.5 these formulations suffice for our
purposes.

Lemma 3.6. We have

(15) 3 (@) = 20@)r — | (loga)? + O ((log)"/*(loglog 2)*"*)

n<x

for all x > 3.
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Proof. We use Ramanujan’s identity

i ga(n)os(n) _ ¢(s)¢(s — a)((s — b)¢(s —a —b)

ns ((2s —a—b) ’

n=1

taking a = b =1, to get

— o2(n) _ C(s)¢P(s — 1)¢(s — 2)
nZ ns C(2s —2) '

1
Recalling that o_1(n) = o(n)/n, and by [{)) and (L6)), we have
o%(n) s+ 1)¢(s +2)

(16)

o~ (25 +2)
When s = 1, this implies
62(2) ¢B3) _5
2
We apply [Proposition 3.3[ with a(n <U$)> and o = 2 to obtain
o(n) 5
2 (22) ~ St

for x sufficiently large.
We now refine this estimate by applying the Selberg—Delange method to the sequence
a, = nam( ) with @ = 2, ¢g = 1/2, arbitrary § € (0,1), and M = M(d). Suppose that

x is sufficiently large. Here, as before, 0[72]1 (n) is defined by (). We thereby determine

asymptotics for
(2]
g no-1(n)

n<x

using

0 2] 2

noll(n)  ¢(s+ 1))

F(s) = = = :
() ; ns ¢(2s)
By [Proposition 3.5] it suffices to determine the leading constant of the power series
s2F(s+1 s2C(s+2)C% (s + 1
+1) _SG+2C6+D) g o
s+1 (s+1)((2s+2) =

Since sC(s+ 1) = 1+ O(]s|), we have (s¢*(s+ 1)) = 1+ O(]s|). Thus,

po(2) = 2 =1, and

¢(2)
Mo(2) = Féo—(f)o) = 1.

We conclude that
Z na[_Q]l(n) =zlogz + O(x).

n<x

By partial summation, we find

(17) Zam =~ (logz)® + O(log z)

n<x

N[ —
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and
2] 2]
o(n) o 1(n log =
(18) > = - ¢(3)+ 0 ( ).
n<x n>x
Substituting and into (14) with v(n) = JL2]1 (n), we obtain
on)\> 5 1 )

Z (T) = 5{(3)x ~ 1 (logz)” + O ((log z)*3(log log x)s/?’) ,

n<zx
as required. O

Theorem 3.7. We have

Z o?l(n) = gf’ + O (2*(log z)*3(log log :L‘)S/?’)

n<x

for all z > 3.

Proof. We apply partial summation to ([15]) to get

Z o C(3)2® — ZI *logz + O (2°(log 2)*3(log log :1:)8/3)

n<x

for all x > 3. Note that the second-order term —%LxQ log x is absorbed into the error term.
We then follow the proof of for the special case k = 2 to note that the leading
constant must be divided by ((3) to obtain our result. O

3.3. An upper bound for o (n). In this subsection, we provide an upper bound for
ol®l(n). Although this bound is not sharp, it is a maximal order, meaning that the limit
superior of o"/(n) divided by the upper bound is 1. As a corollary, we obtain ,
our analogue to Grénwall’s theorem. Before proving an upper bound for ol (n), we set some
notation.

Definition 3.8. For = a nonnegative real number, we define P (x), the primorial of z, to
be the product of the primes less than or equal to z; that is, P (x) := [] p. We define the

p<w
primorial residual P* (x) to be the largest prime ¢ such that P (¢) < z if such a prime exists;
otherwise, we define P* (z) = 0.

Remark 3.9. The primorial residual takes its name from the following observation: if we
restrict the domain of the primorial to the set of primes, then it becomes a residuated
mapping, and the primorial residual (with domain restricted to the interval [2,00)) is its
residual [2, page 11]. Under [Definition 3.8} however, the primorial is merely quasi-residuated
[2] page 9].

Our upper bound for ol(n) is loosely inspired by [19, Theorem 2] (as corrected by [3),
Theorem 7.13]). Before we prove a global upper bound for ¢!¥l(n), we require a local upper
bound.

Lemma 3.10. Let k > 1 be a real number. For p prime and £ > 1 an integer, we have
o"p) _ 1—p”
pt (L=p )"
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Proof. For £ > 1 arbitrary, we compute

(19) ) _ (=) (T )
P~ (1—p)" '
The derivative of with respect to £ is

1 — p= -1\t (1 -1y Rl
( & ) (1 N p(?l)” b ) lip_e_l logp7

. . " Kl(pt) . . . . .
which is positive, so Z pﬁ(f ) is strictly increasing in ¢. Thus

o) _ o) 1"
4 < m 4 o —1\~
p {500 P (I-p™)
as desired. 0
Theorem 3.11. For any x > 1 and n > 133, we have
0.42n \"

[x] e K

(20) a"l(n) < <67n10glogn—|— loglogn> H (1—p")
pln

and
(21)

1
[x] v
c™(n) < e'nloglogn +
(n) C()( g 10g

0.42n )“ (1.016245(105; )L~
K

1
-+ 0.000052 | -
loglogn k—1

014 o - 1
log log n 7(loglogn)? ) |
Proof. By |Lemma 3.10, we have
(22) c"l(n) < nk H (1—p™)(1- p_l)_ﬁ.

pln

loglogn

Now suppose © = P* (n) so z is prime, and let z, be the next prime so that
Px)<n<P(xy).

We claim that w(n) < 7(z), where w(n) denotes the number of distinct prime factors of n.
For if w(n) > m(z,), each distinct prime factor of n would be at least as big as each of the
primes < z,, son > P (x,), a contradiction.

To prove , we use
[MHa-» " <J[Q-pH",

pln p<z
which is true since each factor is greater than 1, the number of factors on the left is at most
the number of factors on the right, and each p | n is either < z, in which case we have
matching factors, or for each factor with p > z on the left we can find an unmatched factor
on the right that is greater.
From [B, Theorem 5.9] we have

- 1
(23) [[Q-p7") " <eloga (1 + %)
ot (log z)

for x > 2278382, and straightforward numerical computation shows that this inequality
in fact holds for x > 19421. We observe that for the prime 19421 we have 0(19421) =
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19182.3..., so that n > 918 > 0(192) " Gince x = P* (n), we have n > P (x) and so
logn > 0(x). Then gives us
1 1
log1 > logf(z) > 1 1 l——- >1 -
oglogn 2 logf(x) = log + og( 810g;1c> o8 7.899log x’

so that our result would follow if we have

logx [ 1+ 010856 < e’ |logz — + 0.42
& (log )2 &t 7 8091ogx ) " (logz — 1/(7.899logx))’
which is clearly true by the stronger inequality
0.10836 1 0.42
24 71 1 <e’ |l — .
(24 ‘ ng( - (10gx)2> ‘ (ng 7.89910gx) + log x

This proves .
To prove (21]), we use the inequality (1 —p~) (1 —p~)"" > 1 and argue as before that
since the expression on the left decreases with increasing p, we have

[Ta-p™)-p) " <J[Q-p™)(1-p")".

pin p<w
Thus,
(25) oll(n) <" T (1- (1-p ") "< (@vnloglognJr 1 0.42n > JJ ¢
e oglogn e
By [Lemma 2.3 we have
1—k
(26) [T-»7) < ﬁ exp (1'01?(3;’;"” (a i -+ o.oooo52>) .

p<z

Since n < P (xy), we have logn < 0(z) 4+ logx,. We seek an upper bound for logz, in

terms of z. By we have

T+

—logz, <O(xy)—logxy =0(x) <

A 8logz’

1
<logx+log |1+ )
8logx

Since x +— 1/(8logx) + (log x)/x is decreasing and = < x, we have

1 1
logx, +log (1 — _ 987 < logx + log
8logx x

8logz

Then
1 log x

logx, +log (1 —
8log x4 T4

8 log x)
Thus we have the bound

1 1 log x
logz, < logx + log (1—1—81—) — log (1_810gx )

z + 4log’ x
4rlogx —x/2 —4log’x)

= logx + log (1+

For the remainder of this argument we will resort to numerics where we have monotonicity.
For instance, it is easy to show that for x > 19421 we have

0.26
logz

logx, <logx +
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Invoking [Lemma 2.4] again, we obtain

x 0.26
logn < x + — +logx + ,
8logx log

and thus

1 log x 0.26
loglogn < logx +log [ 1 + + + .
8log x x xrlogx
This time we have for z > 19421 that
0.13

logz’

loglogn < logz +

Solving for log x, we have

loglogn + +/(loglogn)? — 0.52

1 >
ogx 5
0.14
> loglogn — ———
log logn

1 —1
> log] 14+ —mM8M—
o Og”( +7<1og10gn>2>

0.14 0.14
T > exp (_l—> logn > (1 - —) log n.
oglogn

and that

Hence, the expression inside the exponential in is less than

1.01624k(logn)'~* (1 014 \'™" 1
0.000052 l1——F— 14 ———.
loglogn k—1 + loglogn + 7(loglogn)?

Combining this with and completes the proof of . O

If k > 2, a computation lets us strengthen [Theorem 3.11{ (see[Theorem 6.3|and the remark
thereafter).

Corollary 3.12. Let k > 2 be a real number. For each integer n > 2162160, the inequalities

and hold.

[Theorem 3.11] also yields a family of analogues to Gronwall’s Theorem.

Corollary 3.13. Let kK > 1 be a real number. We have

x]
lim sup C(r)o™(n) e
nsoo (€'nloglogn)

Proof. The inequality furnished by [Theorem 3.11|shows that

[x]
lim sup (k)0 (n) TS
nsoo  (€7nloglogn)

Y

so it suffices to show this bound is asymptotically obtained. We let a(n) := P (n)"™

(t(n))n>1 is a sequence of nonnegative integers such that

, Where

t(n) — oo but logt(n) = o(logn) as n — oo;
for instance, we could take t(n) = [logn]|. Taking logarithms twice, we see

loglog a(n) = loglog P (n) + logt(n) ~ loglog P (n).
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Now by [Lemma 2.1} and [Lemma 2.3] we compute
- (1 _p—t(n)—1)ﬁ — (p _p—t(n)—1)f”~

U[“](a(n)) = a(n)" H ( l—p . —

p<n 1_p_1)ﬁ l—p~
(WMngbymwfIIu—p4wﬁf_4p4_p%m4y
C<’€) p<n 1 — p—m )

where the product is over primes p.
For kK > 1, p > 2, and t > 1, the function

I=p )" —@'=p")"
1—p*

t—

is clearly positive and increasing, with a limit of 1, so

_ o —tn)=1\* _ (-1 _ o —t(n)-1\F
H(l ) ™)

1—p*

p<n

On the other hand, for n sufficiently large we have

H (1 _ p—t(n)—1)ff _ (p‘l _p—t(n)—1)*€ (1 _ p—t(n)—1)ﬁ _ (p‘l _ p—t(n)—1)'f

11

p<n L=p™ P L=p™
1_p—t(n)—1 k . R
>1;[( 1—p‘”) (1= (4 0))

= oy LL (1 7)),

and )
: K —t(n)\F\ _
i I (1= (e07)) = 5
SO "
lim sup ((k)o"(a(n)) I
nooo (€7a(n)logloga(n))
as desired. O

Robin proved the following unconditional upper bound for o(n).

Theorem 3.14 ([19, Theorem 2], [3, Theorem 7.13]). For n > 3, we have
2n

3loglogn’

We show that we can recover [Theorem 3.14l from [Theorem 3.111

Proof of|[Theorem 3.14 Taking xth roots of both sides of and letting Kk — oo proves
a stronger version of this inequality for n > e'%183. The result now follows from a short
computation. [

o(n) < e'nloglogn +

We can derive Gronwall’s Theorem itself [7, (25)] from [Theorem 3.11| as well. Indeed,
taking xth roots of both sides of the inequality in [Theorem 3.11| and letting x — oo gives us

o(n)

li — <1
1215£p enloglogn — '
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and the converse inequality may be obtained by considering o(a,,) as in the proof of
Corollary 3.15 (Gronwall’'s Theorem). We have
o(n)

limsup —————— =1
n_mp e"nloglogn

3.4. A lower bound for o (n). In this subsection, we provide an elementary but sharp
lower bound for ¢*!(n). This bound is also a minimal order, meaning that the limit inferior
of o¥!(n) divided by the lower bound is 1.

Proposition 3.16. Let kK > 1 be a real number. For each integer n > 1 we have
a"l(n) > (n+1)" -1,
with equality if and only if n is prime.
Proof. Observe that for any x > 0, the function f, : [0,00) — [0,00) defined by f, : t —
(x +t)" — t* has derivative
fi)=r[z+t)" =t >0

so f, is strictly increasing in ¢+ > 0. Taking x = p’ and comparing the values of f, at
t=o(p'!) and t = 1, we have

) = +o(™)) =) > (P +1)" =1,

with equality if and only if ¢ = 1. This establishes the proposition for n = p".
Now we show that

(m+1D)"=D((n+1)*=1)>(mn+1)" -1

for kK > 1 and m,n > 1. We again make use of f,. Taking x = m + n and comparing the
values of f, at t = mn + 1 and t = 1, we have

(m+n+mn+1)"—(mn+1)">(m+n+1)"—1.
Next, taking x = m and comparing the values of f, at t =n+ 1 and t = 1, we obtain
(m+n+1)"—=(n+1)">m+1)"—1

Adding up these two inequalities and rearranging the terms yield the desired inequality.
[Proposition 3.16| now follows by the multiplicativity of ¢/*/(n) and an easy inductive ar-
gument. [

4. K-COLOSSALLY ABUNDANT NUMBERS

In this section, we develop the theory of k-colossally abundant numbers in analogy with
the classical theory of colossally abundant numbers. The following material is inspired by
[3, Chapter 6].

Definition 4.1. Let € > 0 be a real number, and define

(k]
K] _ d"(n)
(27) pe (n) T n,.i(l_;,_g) :
We say that a positive integer N is x-colossally abundant for € if we have
(28) pII(N) > pl(n)

for all positive integers n. If N is k-colossally abundant for some € > 0, we say that N is
r-colossally abundant.
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Under this definition, the usual colossally abundant numbers should be thought of as “co-
colossally abundant”, because NN is colossally abundant if and only if for some ¢ > 0 we

have
o(N) . JolF(N) . «foll(n)  o(n)
N = A\ N 2 i\ e T

for all positive integers n.
We require the following definition.

Definition 4.2. If K > 1 and € € R, and x > 1 are given, then for a > 1 we define
(xa+1 _ 1)/{ _ (xa _ 1)/{
(xa _ 1),‘@ _ (xafl _ 1),‘{’

and f(z,a) = f(gﬂ] (z,a). We also define F¥ : (1,00) x [1,00) — (0, 00) to be
1 a+1l 1% — a__ 1)k
log f"(x,a) = log <($ il G ) ) :
klog x

(I‘H_l _ x)n _ ($a _ I‘)H
We adopt the convention F¥!(z,0) := oo for > 1, but do not consider (z,0) to be properly
within the domain of F[*.

fiw,a) = 2719

Fol(e,a) = klogx

By construction, we have

(K] (a <l a
W, oy o) pe (%)
(29) 1. a) prtragll(pe=t)  plsl a1y’ e
1 K] (e 1 L"@} a
(30) Fil(p,a) = log o () = log pe (1) —€

rlogp = proll(pet)  wlogp 7 plFl(pa-1y
for p prime and a € Z~,.
Equations and suggest that we may extract information about the k-colossally

abundant numbers by understanding fe[“] and F®). We spend the next subsection developing
our understanding of FI*,

4.1. The function FI*/(z,a). In this subsection, we develop our understanding of the func-
tion F*l(x,a), given in [Definition 4.2l We demonstrate that F/(z,a) is monotonic in its
arguments, and deduce some information about its partial inverses.

Theorem 4.3. The function F (x,a) is continuous and strictly decreasing in x and a, and
continuous and strictly increasing in k. Moreover, for a > 1 and x > 1 respectively, we have

lim F"(z,a) =0 and lim F"(z a) =0,
a—r o0

T—r00

as well as
lim F(z,a) = .

z—1t
a+1l _ 1
log (x_) =: F(z,a)

xa-i—l —

We also have

31 lim F* =
(31) Jim PP a) = 12

and
lim F(z,a) =0.

K—1+

We remark that F(x,a), defined in plays an important role in the study of colossally
abundant numbers [6]. The monotonicity of F' in its arguments is essential to that program.
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Proposition 4.4. Let F(z,a) be as in (B1). Then F is decreasing in x and a on (1,00) x
(1,00).

Proof. Write

1
F = 1 1
(z,0) log x og( * xG(x,a)) ’
where
¢ —1
G(z,a) = p—
Note that
oG ar® 1z —1)— (z*—1)
8_x(x7a)_ ({E—l)z

Applying Lagrange’s mean value theorem to the function t — t* — 1, we see that for some
y € (1,z) we have

2 —1=ay" 'z —1) <az" '(z - 1),

and therefore %—g > 0 for z > 1. This shows that G(z,a) is increasing in = > 1, whence

F(z,a) is decreasing in = > 1.
It is immediate that G(x,a) is increasing in a, whence F(z,a) is decreasing in a > 1 as
well. 0

Remark 4.5. The monotonicity of F(x,a) was known to Robin [19], at least when a is an
integer.

Analogously, our function F [“](x, a) plays an important role in our study of x-colossally
abundant numbers. So it is not surprising that we need to investigate the monotonicity of
F¥l(z,a), but this time in each of the three variables x,a, x. Despite the simplicity of the
statement of [Theorem 4.3] its proof is rather involved. We start by proving that for any
fixed @ > 1 and & > 1, FI*I(z, a) is strictly decreasing in = € (1, 00). It suffices to show

(,jlja+1 _ 1)/{ _ (xa _ 1)/{
(anrl _ [II)N _ ($a _ IL')H

(32) (2, a) =

is strictly decreasing in x € (1, 00).

Proposition 4.6. Let a > 1 and k > 1 be positive real numbers. Then f"(z,a) is strictly
decreasing in x € (1,00).

Proof. Fix a > 1 and x > 1, and let ¢"l(z,a) := (2% — 1)*~! for z > 1. Then

(33) (@ 1)t = (@ = )" = @ = )¢ (e + 1) = (2 = 1), a),

(34) (@ —2) — (2 — o) = o* [(2* — g (2, 0) — (2 = 1)gM(w,a — 1)].
We compute the derivatives of and :

9
ox
0

p [(:E“H — )" — (2% — x)”‘] = k! {[(a + 1)z — 1]q[”](x, a) — (az* ' — 1)q[”] (x,a — 1)} )

(2 = 1) — (@ = 1)7] = ke [(a+ D2 g (@, a + 1) — aaq" (2, a)],
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Thus we have
0
L[H](ZL’,CL) — a_ [(l,a-l-l _ 1)& _ (ma _ 1)5} . [(xa—l-l _ J})H _ (xa _ IL‘)R}

e+ D)2 g (2,0 + 1) — az®q™ (z,a)] - [(2° — )¢z, a)—

(@' = 1)g"(z,a - 1)]

= k" (a4 1) (2> - 2Nz, 0+ D"z, a) — (a + 1) (22 — 271).
"Nz a4+ )¢ (z,a — 1) — a(z®® — 29" (z,a)® + a(z>! — 29).

¢z, a)q" (z,a — 1)]

and

Rz, a) = ("1 = 1)" = (@* = 1)"] - aﬁ

: [(z = 2)" — (2% — 2)"]
= (@ — g (a0 + 1) — (2 — g, )] - {0+ Da® — 1]z, )
— (az® ' = gz, a — 1)}
= k" {[(a+ 1)z — 2" — (a+ 12" + 1]¢" (z,a + 1)¢"") (2, a)

— (az?® — 2% —az®t + D (2,0 + )¢ (2,0 — 1) — [(a + 1)a?
(a+2)z" + g (z,a)* + (az® ' — 2° — a2 + 1)¢" (2, a)¢" (z,a — 1)}

To show that f¥!(x, a) is strictly decreasing in z € (1, 00), it suffices to prove that R(z, a)—
L (2,a) > 0 for all z > 1, namely,

Az, a)g"(z,a + 1)¢" (z,a) + B(z, a)¢" (x,a + 1)¢" (z,a — 1)+
(35) Oz, a)g"(z,a)q" (2,0 = 1) > (2 = 1)°¢" (2, a)”
for all z > 1, where
A(z,a) = az"™ — (a + 12" + 1,
B(z,a) = 2** — ax"*t + az® ' — 1,
C(z,a) = (a — 1)a" —az® ' + 1.
Now we show that A(x a),B(z,a),C(z,a) > 0 for all z,a > 1. For A(z,a) we have
Ay(z,a) = ala + 1)z '(z — 1) > 0 for all x > 1, which implies that A(z,a) is strictly

increasing in z € (1,00). Thus A(z,a) > A(1l,a) = 0 for all x > 1. Similarly, we have
C(z,a) > 0 for all > 1 whenever a > 1. For B(x,a) we find
B,(7,a) = 2az”* ' —a(a+ 1)z° + a(a — 1)2*? = az* ?[22° — (a + 1)2* + (a — 1)].
Since a > 1 implies that
0
8—[2:6““ —(a+ D)2 +(a—1)]=2(a+Dz(=*""-1)>0
x
for all x > 1, so the function 2% — (a + 1)z + (a — 1) is strictly increasing in = € (1, 00).
It follows that B,(x,a) > 0 for all x > 1. Hence B(z,a) is strictly increasing in = € (1, 00)
and B(z,a) > B(1,a) =0 for all z > 1.
Now we prove , which can be rewritten as

A(z,a)|q(z,a+ 1)g(x,a)]" ' + B(x,a)[q(z,a + 1)q(z,a — 1)]" 1+
C(ZE, a)[Q(xv a)q(x> a— 1)]H_1 > Q(xv a)2ﬁy
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where q(z,a) := ¢ (x,a) = 2* — 1. When a = 1, the inequality above becomes

Az, Dlg(x,2)q(z, 1)) > g(x, 1)
which is true for x > 1 due to A(z, 1) = ¢(z,1)? and ¢(z,2) = 22 —1 > ¢(x,1). So it remains
to consider the case a > 1. A straightforward computation shows that

A(z,a) B(z,a) N C(z,a)

q(z,a+1)q(z,a)  q(z,a+1)g(z,a—1)  q(z,a)q(z,a—1)

for all x > 1. Since k > 1 and
A(x,a) + B(z,a) + O(x,a) = (2* — 1)* = q(z,a)?,
it follows by the power mean inequality that
Az, a)|q(z,a+ 1)g(x,a)]" ' + B(x,a)[q(z,a + 1)q(z,a — 1))+
C (e, )lg(x, a)g(w,a — D > (A(x, 0) + B(z,0) + Cla, 0)" = (s, a)*
for all x > 1 with equality if and only if
q(v,a+1)gq(z,a) = q(v,a + 1)g(z,a — 1) = ¢(v,a)q(z,a — 1),

or equivalently if and only if ¢(x,a + 1) = q(z,a) = q(x,a — 1), which is clearly impossible
for x > 1. This completes the proof of and hence that of the proposition. 0J

=1

Next, we prove that Fl(x,a) is strictly decreasing in a € [1,00) for z > 1. Again, it
suffices to consider fI¥(x, a).

Proposition 4.7. Let x > 1 and k > 1. Then f¥(x,a) is a strictly decreasing function of
€ [1,00).

Proof. As in the proof of [Proposition 4.6 we put ¢(z,a) = z* — 1 > 0. We compute the
partial derivative 0 f1]/da to obtain

o fll
oa

kz® 'logx
[Q(CE, a)ﬁ - Q(JC, a — 1>H]2

K

. v (2, a),

(:L‘,a) =

where

v (z,a) = lq(x,a+ 1)’“‘ Y22 — q(z,a)" 1ZE:| lq(z,a)" — q(x,a — 1)"]

<
~—

K

._\
&
Q
—~~ -
8

s

= [q(z,a+1)"""2" — (.7:, ,a) Mz = 1) — g(z,a — 1) (2" = 1)]
— [a(z,0)" 2 —g(z,a = 1)" ] [q(z,a+ 1) (2" = 1) —g(z,0)" (2" — 1)]
= (1 —x)lg(z,a+1)q (95, a)" + (2 = Dlg(z, a + g(w,a — 1]
+(1—2)g(w,a)q(z,a — 1)]*
Thus it suffices to show v¥l(x,a) < 0 for all @ > 1. Equivalently, we must show that
zlg(z, a+1)g(z,a)]" ™ +[q(z, a)g(z,a — D" > (1 +z)[g(z,a + Dg(z,a = 1)]",

which can be rewritten as

(36) T (q(:qgfiji)n)ﬁl * liz (q(zf?i)n)“ > 1

Simple computation shows that

i (ets) s ()
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Since k —1 > 0, it follows from the power mean inequality that the left side of is greater
than or equal to

(2 () s () )

with equality if and only if

g(r,a) _  q(x,0)

q(r,a—1)  gq(z,a+1)
Since the equality above does not hold for > 1 and a > 1, we finish the proof of (36). O

For z;x > 1 and a > 1, we have shown that

_log fM(@,a) 1 (= 1" — (2 = 1)"
 klogz  klogx © (a0t —)r — (20 — z)~

F(z,a)

is strictly decreasing as x or a increases.
The arithmetic mean—geometric mean inequality implies that 247! + 221 > 22, which is
equivalent to

(37> (l’a+1 o 1)n(xa—1 o 1),‘@ < (xa - 1)2n.
Thus we have
(l.a-i-l _ 1>n _ (l.a _ 1)n (a:a—i-l _ 1)n
(anrl _ iL')'{ _ (xa _ x)li (xa+1 _ :E)n’
which implies that FI"l(z,a) < F(x,a), with F as in (1). In fact, we shall show that as a

function of s, FI*/(z,a) is strictly increasing on (1,00). To this end, let us rewrite

1 1 K __ K
F[n] (ZL’, CL) _ IOg (J(ZL', a+ ) Q(xv CL) -1
klogz 7 q(z,a)" —q(z,a — 1)~

We need the following elementary lemma.

Lemma 4.8. The function

t (logt)?

H(t) = (zE —g1))2

is strictly decreasing on (1,00).

Proof. We compute

H (1) = ((logt)® + 2logt)(t — 1)? — 2(t — 1)t (logt)® _ [(t+1)logt —2(t — 1)]logt
=1y =1y

for all t > 1. To show H(t) is strictly decreasing on (1, 00), it is thus sufficient to prove that

logt > %

for all ¢ > 1. This follows directly from the fact that

d (logt—w>:ﬂ>0

dt t41 t(t+ 1)

for all ¢ > 1. This proves our lemma. O



22 STEVE FAN, MITS KOBAYASHI, AND GRANT MOLNAR

Before proving the monotonicity of FI*/(z,a) in , we need to study
q(r,a+1)" —q(z,a)"

(38) W @) =t P 0) = qma = 1)

as a function of .

Proposition 4.9. Given any positive real numbers x > 1 and a > 1, h[“](:v,a) 18 strictly
increasing and strictly log-concave as a function of k € (1,00).

Proof. For a = 1 we have hl"l(z,a) = (z + 1) — 1. It is clear that hl¥l(x 1) is strictly
increasing in k € (1,00). Since

(z+1)"log(x+1) 1
(@+1)—1 (H (:c+1)ﬁ—1>1°g(x+1)

is strictly decreasing in x € (1, 00), we see that hl*l(z, 1) is strictly log-concave in k € (1, 00).

In what follows, we shall suppose that a > 1. For simplicity, let us write A = ¢(z,a + 1),
B = q(z,a) and C := q(x,a — 1). Then A > B > C > 0 and AC < B?, the latter of which
is equivalent to . We calculate the partial derivative Okl /0k to obtain

0 (log Rl (x,1)) =

K

Ol (A%log A — B"log B)(B* — C*) — (A" — B")(B*log B — C*log C)
x,a) =
Ok (Br — C*)?
1 A B A
=——— [(AB)"log = + (BC)"log = — (AC)"log —
(g |(AB) o8 3 + (BO)log & — (AC) lox
for all kK > 1. By the weighted arithmetic mean—geometric mean inequality we have

1og(A/B)( 1Oy + log(B/C)
log(A/C) log(A/C)
This implies that Ok /0x > 0 for all k > 1. Hence hl"l(x,a) is is strictly increasing in
k€ (1,00).
Now we show that Al"l(x, a) is strictly log-concave in x € (1,00). Note that

9 (1og )z, a)) = !

(B/A)K > [(B/C>log(A/B)(B/A)log(B/C)]“/IOg(A/C) -1

A B A
{(AB)”‘log 5t (BC)"log o (AC)"log —

Ok (A — B®)(B* — C*) C
(39) :A”logA—B”logB_B“logB—C’”logC’.
Ax _ Br Br — O
Since
9 (A"logA—BflogB\  A"B"(log(A/B))?
&( Ar — B~ )__ (Ax — B2
and since
9 (BflogB—C"logC\  B*C"*(log(B/C))*
&( Br — Ok >__ (Br — C*)2
by symmetry, we have
0? A*B*(log(A/B))?>  B*C*%(log(B/C)?
5ralog (a,a)) = ~ LB | P o))

for all kK > 1. Set r, = (A/B)" and s, = (B/C)*. Then s, > r, > 1, since AC < B2 By

Lemma 4.8 we have ) ) ()
0 . —H(r,) + H(s,
@(log Wl(z,a)) = s

for all K > 1. This proves that hl"l(z, a) is strictly log-concave in x € (1, 00) as required. [J

<0
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We are now ready to show that FI*!(z,a) is a strictly increasing function of x € (1, 00).

Proposition 4.10. Given any positive real numbers x > 1 and a > 1, F¥(z,a) is strictly
increasing in Kk € (1,00).

Proof. Fixing x > 1 and a > 1, we have

_ log hl*l(z, a)
 klogz

where hl*!(z,a) is defined by (B§). For a = 1 we have
_log((+1)"—1)

F(z, q)

Y

Firl(z,1 L.
(z,1) K log x
Since
OF 1 k(x + 1) log(z + 1)
1) = 1 1)1
(o) = o (MY oy o1y - )

1 klog(z + 1) N

- “log(1 — (z + 1)7*
k2 logx ((;1:—1—1)“—1 og(l - (z+1) >>>O

for all k > 1, it follows that FI"/(z,1) is a strictly increasing function of x € (1, 00).
Suppose now that a > 1. Note that

OF 1 9
= = [x] _ (k]
o (z,a) ozt (/i o (log h"™!(z,a)) — log h (x,a))
and ,
0 0 0
- L= (%] _ (%] — g — (%]
o (H e (log h*"(z,a)) — log h'™(z, a)) hoss (log "™ (z,a)) < 0

for all x > 1, since h¥l(x, a) is strictly log-concave in x € (1,00) by [Proposition 4.9, Thus

0
(1 [x] | [x]
K 8m( og h™(z,a)) — log h'™(z, a)

is strictly decreasing in xk € (1,00). It is clear that

q(z,a+1)" —q(z,a)"
log k) (2, a) = log < klog
( ) Q(m7a)ﬁ —q(x,a— 1)5

since q(z,a + 1)q(x,a — 1) < q(z,a)*. By we have
z,a+1)

.0 q(
(%]
khm . (log h'™(z,a)) = log e

q(z,a+1)
q(z,a)

)

Since hl®l(z,a) is strictly log-concave in x € (1,00) by |[Proposition 4.9, we know that
dlog hl¥l |0k is strictly decreasing in s € (1,00). Hence

0 q(z,a+1)
— (log h¥ log 222~ 7/
for all k € (1,00). It follows that
Ohlr! 1 0
o (& a) = Zlogs (/-@ : %(log W (2, a)) — log " (z, a)) >0

for all k € (1,00). Hence FI*l(z,a) is a strictly increasing function of x € (1, 00). O
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Proof of [Theorem 4.3 The monotonicity part follows from [Proposition 4.6] [Proposition 4.7]
and|Proposition 4.10} To proceed, we observe that FI*/(z,a) — 0 as  — oo as a consequence
of [Proposition 4.6, Since FI*/(z,a) is a strictly decreasing function of z € (1, 00), we have
F¥(2,a) > 0 for all z > 1. Note that

(I,aJrl _ 1>n _ (:L,a - 1)n (anrl _ 1)n _ (ma _ 1)n + (l,a - ZE)K
(l-a—i—l _ J/’)“ _ (xa _ I)” (xa—i—l _ CL’)”

Ia+1—1 H+ .’L’a_l—l K i
= _— - — X
x(ze —1) ¢ —1
1 K 1 K
—>(1+—> +<1——) —1
a a

as r — 17. By Bernoulli’s inequality we have

(1+%)H+(1—%>N—1>(1+g)+(1—g)—1:1.

Hence FI¥l(z,a) — oo as x — 17, as desired. O

(@, a) =

We now define two partial inverses to Fl(z, a).

’ klogx

Definition 4.11. For any z > 1, FIW(z,) : [1,00) — (0 log((z1)" 1)) _ 1] is strictly de-
creasing, and so it has a (strictly decreasing) inverse

ol . (0, 1og((x$0;); —D) 1} (1, 00).

Likewise, for any a > 1, FI¥/(- a) : (1,00) — (0,00) is strictly decreasing, and so it has a
(strictly decreasing) inverse

27 (0, 00) = (1, 00).
By [Theorem 4.3 al is decreasing as a function of x, 2l s decreasing as a function of a,
and both as” and a:([f] are increasing as functions of k. We are interested in the equality
Flil(z,,a) = ¢,

so we write € for the argument of ! and of 2.

We now study 28 more carefully. To ease notation, we write x,, for 2 where no confusion
arises. We typically view z, as a function of €, as noted above, but we also may consider it

as a function of x via the implict function theorem and the following equality:
Fll(z,1) = Fi(z,, a).
Note that z, is increasing as a function of x, where it is decreasing as a function of e.

Lemma 4.12. For any fived k > 1 and a > 1, we have z, ~ (ax)'/* as ¢ — 0% (or
equivalently, as r — 00).

Proof. Note that x, — oo as € — 0%. If ¢ > 1, then

Fll(p q) = 28 fPiz,a) 1 (f¥(2,a) — 1+ O ((f¥(z, a) — 1)2))

klogx klogx
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for sufficiently large x, where fI")(z,a) is defined by (82). Since (1 —¢)* =1 — st + O(t?) for

t € [0, 1], it follows that

(1 -z ) — (1 — x=%)rg™"

(1 _ x—a)n _ (1 _ l»fa+l)nxf/{

(1— ke o'+ 0@ 22) — (1 — k™" + O(x2*))z™"

(1— k=2 +0(x72)) — (1 — kot 4+ O(x—20+2))p—*

k(1 — 27 — koL — ) 4 O(a20 4 g2t
(1 — k=2 + O(x~2)) — (1 — kr—ot!l + O(x—20+2)) g~

/4:3:_“(1 + O(xl—min(n,Z)))

- 1 + Oz~ min(x.a))

= k2 (14 O (gminle2) 4 g min(ra)))

=rx ® (1 +0 (xlfmin(”’m)) ,

-1

-1

where we have used the assumption that x > 1 and a > 1. Thus we have

140 (xl—min(H,Z) 4 x—a) B 1+0 (xl—min(n,Q)) 1

~Y

x%log x x%log x x%log x

(40) Fll(z,a) =

as r — 00, where all the implicit constants depend only on . In particular, we obtain

1

F[K/](ma7a) ~ W

as € — 0%, Since FI*(z,,a) = FI¥l(2,1) = ¢, we see that 2% logz, ~ xlogz as ¢ — 0. The
lemma follows. O

Now we specialize in the case a = 2. The following lemma provides a more precise
asymptotic for x,.

Lemma 4.13. For any kK > 1 and € > 0, we have
log 2 1

(41) Ty = V2 (1— °8 +O< 2))
2logx (log x)

for sufficiently large x, where the implicit constant in the error term depends only on k.

Proof. Let k > 1 and € > 0. Denote by & = £(k,€) > 1 the unique solution to the equation

& logé = wlogx. Since z2logzy ~ xlogx as € — 0T, as shown in the proof of [Lemma 4.12]
one may think of £ as a proxy to x3. Then £ = v/2x(1 — 7)), where n — 0 as e — 07 by

Lemma 4.12] Carrying this back into the equation £2log & = zlog x, we obtain

(1—2n+00n%) (1 - log2 _ 277+O(772)> =1,

log x log
which implies that n = (log2 + o(1))/(2log x). From this it follows that

xlogx 2z logx log 2 1
(42) ¢ V log & \/logx +log2+ O(1/logz) * ( 2log x + ((log $)2)>

By we have

Ffl(29,2) = F¥ (2, 1) = —— 4+ 0 (#)

zlogx 2% log x
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and

1 1 1 1
FlH(¢,2) = 0 - o)
(£2) £2log & + (£1+5~ log{) rlogx + (x(1+5ﬂ>/2 loga:)’
where §,, = min(x,2) € (1,2]. It follows that
1
(43) FI(€,2) = F¥(25,2) = O (55T1557515é75) :
On the other hand, we have

OF ¥ FlH(z,2) 1 O flx! 1
2)=1|{— ’ . 2
oz (z,2) ( T +/€f[”]<£b',2) oz (z >>

Note that

1 oy (2.2) = g"(x) g ()
kfE(z,2)  Ox (23 = 1)% — (22 = 1)"][(2® — 2)" — (22 — 2)"] 2o

as r — 00, where
g (z) = [3(z® — 1) 1a? = 2(2® — 1)" 2] [(«® — 2)" — (27 — 2)"]
—[(@* =1 = (2= 1)*] [(«® —2)" ' (32® = 1) — (2" — )" ' (22 — 1)] .
But for sufficiently large x, we find that
(2% — 1) 12?2 — 2(2 — 1) 1o = 3231 — (3x — 3)a® 1 — 2021 4 O <x35—7 n x2n—3) ’

(I‘ _ x)l{ ( )n — x?m _ /<L.’13‘3n72 _ x2n + O (x3nf4 + x2n71> ’
(I _ 1)/4 ( )/@ — l,?m _ K/x3.‘4—3 _ I2n + O (l,Sn—G + x21~c—2) ,
(1,3 x)” 1(31, ) ($2 )n 1(21, 1) _31,35 1 (3/{_2)x35—3_2x2n—1+0 <$35_5+ZL‘2H_2).

It follows that
g[“] (x) = (3x6”_1 — 3k 3 — 5251 1L O (a:5”_2 + m6;@—4))
_ (3336&*1 . (3'% o 2)1,6%73 . 5:65%71 +0 (x5/~tf2 + x6l€74))
— 9,53 1 0 ($5m—2 + xGn—4)

for sufficiently large x. Hence

1 af[ﬁ] 3
kfW(z,2) O (2,2) ~ —20
as r — 0o. Combining this with we obtain
OF!xl (2.2) = _2+0(1)
or z3logx

as  — 00. Now the mean value theorem implies that there exists n = n(k, €) > 1 which lies
between £ and x5, such that

O Fxl

[FI(E,2) = FI(2y,2)] = 5 (12)(€ —a2)|.
Since £ ~ 19 ~ v/2x as € — 07, we must have
OF 1
2 _.
’ 5 )‘ > oz
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when € is sufficiently small. Together with and this implies that
log 2 1
o () o )

2 log X ]og x)Q

for sufficiently small €, since 1 — §,,/2 < 1/2. This completes the proof of the lemma. O

Remark 4.14. The quantity & defined by £2log & = xlog x may be written explicitly in terms
of & by recourse to (the principal branch of) the Lambert W-function, which is defined to
be the inverse of x — ze®. Indeed, we have

— ,W(2zlogz)/2 _ 2z 1Og z
E=e _— .
W (2xlog x)

The asymptotic then follows from the asymptotic series representation for W around
00, given by

(=)™ [n+m] (loglogz)™
(44) W(z) =logz — loglog x + A ~oor
22 L] g™

where {TZ] is an unsigned Stirling number of the first kind. The expression given in

converges for real x > e. See [13], Section 4.1.4] for more details on the asymptotics of the
Lambert W-function.

Lemma 4.13| implies that x5 < +/2x for sufficiently large x. Now we prove the following
stronger result in the case k > 3/2 which holds for all z > 1.

Lemma 4.15. For any £ > 3/2 and any € > 0, we have xo < \/2x.

Proof. If x < 2, then x5 < x < v/2x. Suppose now that z > 2. Put y = v/2x > 2. The
inequality , < v/2z is equivalent to FI*l(y?/2,1) = Fl¥l(x5,2) > FlFl(y,2). That is,
1 Og(y2+2)”—2“> L Wty + )" —(y+1)"
rlog(y?/2) y>" klogy ((y+1)r =Dy~
Since log(y?/2) < 2logy, it suffices to show
WV +y+1)"—(y+ 1)“)2
(y+1)—1 ’

(y2 + 2)5 o 2l€ > (
which can be rewritten as
K K\ 2
2 1
(45) (- () ) (- () -
Lo (ot YN (o 2 )
y2+y+1 (y2+2)(y+1)2

By Lagrange’s mean value theorem, there exists

¢ e 1 y+1
y+1 9y +y+1
such that

1 i y+1 " B 2kEF Ly
210g<1‘ (m) )‘210%(1‘ (y2+y+1> )‘ -+ Dty D)

Since

é‘fﬂ—l 1
> )
L= (y+ 1)t
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we obtain

1 \" y+1 \” 2Ky
2log [1—(——= ] | =2log(1-(—"—=) ) > .
g( <y+1)> g< <y2+y+1>) (y+1) (> +y+1)

It is clear from the inequality log(1 — z) < —z for z € (0, 1) that

( 2y +1 ) k(2y + 1)
—klog 1 — .
W +2)+1)?) " (¥ +2)(y+1)?
From the inequality log(1 — 2) > —z — 322 /4 for all z € (0,1/3] it follows that

oo (1 2 ””> 2 \" 3/ 2 \*
o8 2t 2 2r2) a\ypr2)

Thus the natural logarithm of the left-hand side of is greater than

2Ky K2y + 1) 2 \" 3 2\
W+ 2 +y+1D) (P +2)y+1)?° (y2+2) 4 (y2+2) |
We have to show that the above expression is greater than 0, or equivalently,
26y K@y DE 1) (2(y+ 1))“ 3 (wm)z“ 0
v +y+1 y? + 2 Y2 +2 4\ y2+2 '
Since y? +2 > 2(y+ 1) and y*> +2 > 2y/y + 1 for any y > 2, each term on the left-hand side
with the sign attached is an increasing function of k € [3/2,00). Hence it suffices to prove

(46) 3y 32y+1) (2(y+1))3/2_§ (2\/y+_1)3 -
v4+y+1l 22 +2)Vy+1 y?+2 4\ y?+2
for all y > 2. But

2y+1 (2\/_y+_1)3 2y + D) +2)” -8y +1)?

(¥?+2)vy +1 y? + 2 (¥ + 23y +1
S 4. (> +2)° — (2y +2)° =0
(2 +23y+1 ’

where the last inequality holds because 2y + 1 > 4. Using the facts that 3y > 2(y + 1) and
that 2y + 1 > y + 1, the left-hand side of is

o3y 32y+1) (2(y—i— 1)>3/2
v+y+1 42 +2)Vy+1 Y2 +2
J 2+ 3V ET (2(y+1))3/2
v+y+1 42 +2) y* + 2
o g e i)
M+ 22\ (P +y+ DV +T - y+l
To prove , it suffices to show that the factor in the parentheses in is positive. Since

d <(y2+2 ) _2(y-2) -

dy \(y+1?)  (y+1)?

for all y > 2, it follows that

3\/y2+2_3 y2+2

y+1 T\ (y+1)?
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is strictly increasing on [2, 00). Similarly, we have

d ( 2(y> +2)°? ) _ VYR + 2
dy \(P+y+DvVy+1) (2 +y+1)>2(y+1)%2
since

(y4+5y3—y2—8y—6)>0,

y'+5y° — P =8y —6= (¥ (y* — 1) —6) + y(5y> — 8) > 0
for all y > 2. Thus
8(y2 + 2)3/2
(W+y+1)Vy+1
is also strictly increasing on [2,00). It follows that the factor in the parentheses in is
greater than

48f+f 8V2 > 48[ 3\/_ 8V2 = 5\/_ >0

[ S— + R
for all y > 2. This completes the proof that A7) is posmve and hence that of the lemma. [J

Remark 4.16. It seems that
show that the function

[(@* +2)" = 2[(w + )" =1 = [(&" + 2+ 1)" = (@ + D]

is strictly increasing in x € [0,00) and k € [1,00). In fact, monotonicity in either of the two
variable suffices.

If kK = 2, we can strengthen substantially.
Lemma 4.17. We have

log 2
(48) V2 <1— o8 )<x[22}

2logx

holds for all kK > 1. This would follow if one could

whenever x > 215,

Proof. We follow the proof of [3, Lemma 6.17]. Let
log 2
(49) y =2z <1 B ) ,

2logx

so (48)) is equivalent to

log (1 + 2) log (14 )
50 —~ 2/ = Pz 1) = FP(2,,2) < FP(y,2) = :
Recall that
(51) ! <1 1+ ! < !
—_— O — —
t+1 & t t
whenever ¢ > 1. Using (51), we find (50) follows from
lo
(52) 2 (3 +2y+2)%<2
For ease of notation, we write u = }Ogi, soy =2z (1l —u/2). We have
log 2
log y log 2 + log x + 21log <1 — 2]oggx> log 2 log 2 02
log log x logz  (logx) log 2

by and because log (1 —t) < —t whenever 0 < ¢ < 1.
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Note that u < 1/15 by the hypothesis # > 2!°. We now estimate the left-hand side of
in two pieces. First, we have

1 2
2y20gy<2x(1—9) 14+ u—
log x 2

2

u _ 2
log2) < 2z (1 —2.0804u?)

where the first inequality follows from (53|) and the last inequality follows because
u\ 2 u? 4 4 u? \ u?
1— —> 14+u— —1- (3 — (1 v
( 2 ( u 10g2> ( +log2 ( +10g2>u+10g2) 4

<1 3+ 1 1+ 1 + v v

— — u —

- log 2 log 2 log2 /) |,_1 4
15

< 1—2.0804u’.
Second, we have
log y u?
4 1) — <2 1)1 —
D <2 1) (14 ng)
<(2(1-2)(1+ Var 42 (14u—
- 2 “ log 2 v “ log 2 ue Ll
15
< 2.059v/2z,
where the first inequality again follows from (53]). Therefore,
lo
2 (4 + 2y + 2) % < 22 (1 — 2.0804u%) 4 2.059v2 < 2z,

where the final inequality follows because

—4.1608u’x + 2.059v2x < —67 < 0
for x > 2'5. This completes the proof. O

4.2. Understanding the k-colossally abundant numbers. With the notation and re-
sults we have developed, we can now understand s-colossally abundant numbers using F*.

Proposition 4.18. If N is k-colossally abundant for €, then for every prime p, we have
(54) F(p,u,(N) +1) < e < F¥(p, u,(N)),

where v, is the p-adic valuation on Q. Conversely, if N is a positive integer and € > 0 is a
real number, and holds for every prime p, then N is k-colossally abundant for e.

Proof. Let k > 1 and € > 0 be given, and let p be a prime. From |[Definition 4.2] and , we

conclude
o [’i] (pa)

p(m(1+e) ’

B, ) (p,2) - [P (pa) = pP (") =

Now J:Z((lﬁi)) > p(a[ ]1):(1L) if and only if f[”] (p,a) > 1. By|Proposition 4.7| fe[ﬁ] (p,a) is a strictly
decreasing function of ¢ > 1, and lim,_, f[ (p,a) =p~ " < 1. Write X}, ={p® : a € Zxo}
for ease of notation. If fl"! (p,a) < 1 for all @ > 1, then pe ]| x, is maximized at p® = 1;

otherwise, it is maximized when fE ( p,a) > 1 and f[”](p,a + 1) < 1. In particular, if
fsm (p,a) > 1 for some a and fen} (p,a) # 1 for all a, then pL”]|Xp is maximized when a is
chosen so fe[n]( a) > 1 and f[n](p#H' 1) < 1;if fe[n](pa a) =1 for some a > 1, then p®~! and
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p® are the unique global maxima of p¢ ]|Xp, and of course pe ]| L) = pl |Xp( ). With
the convention F¥l(p,0) := oo, we have shown p; ]| x, 1s maximized at p® if

Fi¥l(p,a+1) <e < FF(p,a).

Observe also that lim,_, fe[“} (p,1) =0, so p¢ ]| x, is maximized at p* = 1 for all p sufficiently
large.

I~ i multiplicative, every k-colossally abundant number N for € is of the form

Now as pe
" a o (] . . . .
N = Hp prime P75 Where p® maximizes pe |x,, and every number obtained in this fashion is

r~-colossally abundant number for e. O

The proof of |Prop081t10n 4. 18| above shows that the triples (p, a, €) for which fe [”]( a)=1
are especially important to our understanding of x-colossally abundant numbers, so we make
the following definition.

Definition 4.19. Let
EN = {F¥(p,j) : j €Zso)
for p prime, and define

U E][f] U {oo}.

p prime

Write Bl = { ¢ }ZO, where 0o = €/ > ' > > ... 5 0, and lim; . € = 0. For

0 < €< oo, if e € EW we say € is a s-critical value. Otherwise, € is a k-noncritical value.

Thus, a real number € is a critical value precisely if fg[”] (p,a) = 1 for some prime p and
some integer a.

Definition 4.20. For each € > 0, we define N*! (¢) to be the largest x-colossally abundant
number for e.

Example 4.21. Let k = 2.956801214357021 . . ., and note that
FIF(2,5) = FIF(5,2) = el = 0.019785233524272305 . . ..
We have
N (4{;1) —95.33.52.7.11-13-17=2-5- NW (4@).
However, both 2 - N*! (612> and 5 - NI ( [12]) are also k-colossally abundant for e[{g

More broadly, if E[F”] N E # 0 and e =¢ € E[H] N EM then NIl () is a (likely triv-
ial) multiple of pgN il (€i-1), but pNIl (¢;,_1) and gN'! (61,1) are also k-colossally abundant
numbers for ¢;. Thus { NI/ (¢) } _, may be a proper subset of

{N €Z-y : N is r-colossally abundant } .

Theorem 4.22. For all ¢ > 0, we have

[ﬁ]
= I[ »~
p prime
where
al[,”](e) = \_a][f}(e)J )

If € is k-noncritical, then N (¢) is the only k-colossally abundant number for e.
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Proof. Fix a colossally abundant number N for €, and let p be prime. Let a be the p-adic
valuation of N. By [Proposition 4.18| we see

F(p,a+1) < e < F"(p,a).
On the other hand, we know from [Theorem 4.3|that Fl(p, a) is strictly decreasing in a, so

by the definition of a;[f”], the above inequality is equivalent to

a< a}[f](e) <a-+1,

or equivalently,

(55) a][f](e) —1<a< a][f](e).

Now if € & E}f”], then both inequalities in are strict, and so a = Laz[f](e)J. In particular,
if € is k-noncritical then N (¢) is the only s-colossally abundant number for e. Also, if
e € EY, then a[”](e) € Z, and implies a € {agﬂ( )—1 a[ﬁ]( )} But as N () is
maximal by assumption, we again see that a = Lagﬁ](e)J = ay(e). O

Corollary 4.23. If k < K/, then N () divides NI*' (¢).

Pmof M tells us FI¥! is increasing in &, so likewise a[ "l s increasing in x for each
prime p. The claim is now immediate. 0

We emphasize that [Corollary 4.23{ does not imply that N <e£”1> divides N <e£ﬁl]).

Example 4.24. We have N2 ( [2]) —93.3.5.7, but NP ( W) — 93.32.5. In this case,

we have ¢; = 80UY _ 1 ~0.05696, and € = E2U — 1 ~ 0.06829.

If E,[f] E[H] EM E["i = () for all primes p # ¢, then N ( ) and N (egﬁ/])
must both have ¢ prime factors, counting multiplicity, so one divides the other exactly if one
equals the other.

|Theorem 4.22| can be reformulated in terms of xéﬁ] instead of a:[f} as follows:

(56) NYeo=11 11

€21 zo41<p<z¢

where p varies over the set of primes {2,3,5,7,...}, and z, := x[ ]( ).

Theorem 4.25. The function N (¢) is constant on each half-open interval Hn]’ eg'i]l). These
constant values are distinct and increasing. The number NI (61[’{]) 15 also k-colossally abun-
dant for E,E'ﬂl.
Proof. Note

{ el }Zl ={e€ (0,00) : all(e) € Z for some prime p}.

Thus if €,€ € (e ER], Eﬁ]l) then for each prime p and each integer a, we have the inequality
a,[,]( )—1<a< aL]( ) if and only if ag{](e’) —1<a< ay](e’). We have shown that
N (€) is constant for € € (¢ sl Eﬁ]l) But the function ozgﬂ(-) = Lag@](-)J is a composition of
right-continuous functions, and so is right-continuous; thus
Oz[“}(egﬁ]) = lim a["‘]( );

P e— (el )+
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[s] [s] ). %]

so in fact NIl (€) is constant for € € [¢/”, €™,). Moreover, if € < ¢
prime p (not necessarily unique) and some integer a > 0 we have

a][,f}(e) <a< a][f](e’),

< ¢, then for some

SO ozL ]( )<a—1<a= ozm( "). This proves the second claim.
It remains to show that N ( Ix]
H—l ¢ EX then a[nl(e[”}) = a][f]( E’_ﬂl) If €£+]1 € EY then 041[0]( [R]) +1= M( Z[i]l) but by

Proposition 4.18) replacing ozl[f]( E’ﬂl) with a['{]( E’ﬂl) —1= a['{]( [R]) also yields a nonmaximal

) is k-colossally abundant for 51[111 For p prime, if

k-colossally abundant number for ¢, +]1. Thus N <e£’ﬂ> is k-colossally abundant for e£ JF]I as
desired. 0

[Theorem 4.25| shows that a -colossally abundant number of the form Nl (¢) is in fact

of the form NI <e1[;'ﬂ> for some ¢ > 1. It is therefore natural to index these k-colossally

abundant numbers by an integral parameter instead of a real parameter.

Definition 4.26. For x > 1 given and for ¢ > 1, we define
NI = N ()
Corollary 4.27. For cmy k > 1, there are infinitely many k-colossally abundant numbers.

Proof. We observe { N } _, is a strictly increasing sequence of k-colossally abundant num-
bers. 0

The following definition is motivated by

Definition 4.28. For  a positive real number, we define

¢(k)a(n)

(K] —
Grn) - (ernloglogn)r’

Theorem 4.29. If NI/ < n < Ni[fl, then
G (n) < max (GM ( ) GH (N ( H—l))

Proof. Write € == €11, N; == NZ-[”], and N; = N[i]l to clean up notation. By [Theorem 4.25|

(2

N; and N, are both critical points of the function

[H]( )
o™ (n
= nrl+e)
that yield the same (global) maximum. The function f(z) = ex — loglogx is concave

upwards for z > 1, and so for 1 < a < ¢ < b, we have f(§) < max(f(a), f(b)). In particular,
we see

elogn — logloglogn < max (elog N; — logloglog N;, elog N;11 — logloglog N;.1);
multiplying through by x > 0, taking exponentials, and multiplying by ((x)e "7, we see
e (GWNE (N
(e7loglogn)~ (e7loglog N;)= (e7loglog Niyq)*
On the other hand,

olil(n)

nrl+e)

ol"l(IN;) B "l (Nij1)

k(l4e) K(14e€
N; (9 N 1;4£1 )
and multiplying these two inequalities together yields the desired result. 0

<

Y
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We close this section with a lemma that relates x[f}(e) to Nl (¢), conditional on the
Riemann hypothesis.

Lemma 4.30. Fiz x > 3/2, and assume the Riemann hypothesis holds. If x = :v[f](e) and
N = NI (¢), then we have

0.977v/2 1
(57) loglog N > log 0(x) exp —\/_ +0 <—2)
Vaxlogx Vz (log )
for sufficiently large x. Moreover, if kK = 2 then
0.977v/2 log 2
loglog N > 1 — (1 -
(58) oglog N > log 0(x) exp (ﬁloga: ( 2logx)>
for x> 210,

Proof. We follow the proof of [3, Lemma 7.10].
Suppose z > 215, As usual, we write z, for =/ (¢). By (O, we see log N = 37, 0(x¢) >
0(x) 4+ 6(x2). Now by [Lemma 2.7} we see

log N > 0(z) (1 +

0.985x2
1.000081x )

Taking logarithms again, recalling that log(1 + z) > o417 for z > 0, and using Lemma
[Lemma 2.7| and [Lemma 4.15] we see

loglog N > log 0(z) + log (1 + 09852, )

1.000081z
0.9852
1.000081z + 0.985z5
0.985x5
1.000081z + 0.985v/2z
N 0.977399z

T
0.977399x4 >

x log(1.000081z)
0.977391x4
zlogx '

> log () +

> logO(x) +

> log 6(z)

> log 6(z) (1 +
> log 0(x) <1 +

Now for real m,b > 0, and ¢ € [0,0], if m < log(%b) then 1+t > e™. But by |Lemma 4.15|
xs < 2z, so for x > 2'° we have

0.977391z,  0.9773911/2 < 0.977391

< < b= 0.000735.
xlogx Vaxlogx — 27log2'
Taking m == 20 . 0.9996 and observing 0.977391m > 0.977, we see

xlogzx )

(59) loglog N > log 6(x) exp (

Substituting into yields (57), and substituting into yields (Bg). O
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5. AN ANALOGUE TO ROBIN’S THEOREM

In 1984, Robin proved the following converse of Ramanujan’s result.

Theorem 5.1 ([19, p. 204], Robin’s Theorem). If the Riemann hypothesis fails, let B be the
supremum of the real parts of the nontrivial zeros of ((s), and let b € (1 — B,1/2). There is
a constant ¢ = ¢(b) > 0 such that the inequality

o(n) > e'nloglogn <1 + m)
holds for infinitely many n.
Our goal in this section is to prove the following result, which is a corollary to[I’heorem 5.1}

Theorem 5.2. Let k > 1 be a real number. If the Riemann hypothesis fails, let B be the
supremum. of the real parts of the nontrivial zeros of ((s), and let b € (1 — B,1/2). There is
a constant ¢ = ¢(b) > 0 independent of k such that the inequality

. (e'nloglogn)” c "
> R (14 )

holds for infinitely many n.

Theorem 5.2| gives the implication = (|1)) of [Theorem 1.5I Our proof of [Theorem 5.2
has two key components: the first is [Theorem 5.1] itself, and the second is the following

lemma.

Lemma 5.3. Fizn € Z~y. The function
ke (C(r)o™ ()"

is smooth and monotonically decreasing in k € (1,00); if n > 1, this function is strictly
decreasing in K.

The proof of itself requires the following simple result.
Lemma 5.4. If v > u > 1, then

®_ 1 1/x
H(z;u,v) = <U )

u® — 1
is a strictly decreasing function of x € (0, 00).

Proof. We show that the monotonicity of H(x;u,v) follows quickly from that of F(z,a),
which we proved in |[Proposition 4.4} To this end, we consider

1 r—1
log H(z;u,v) = ;log (v )

Suppose first that u < v < u%. Observe

log H(z;u,v) = (F((v/u)", (logu)/log(v/u)) + 1) log(v/w).

Since for fixed a > 1, F(z,a) is strictly decreasing in x > 1, we see that log H(z;u,v) is
strictly decreasing in x > 0. In the general case, we may assume u? < v < ", where
k > 0 is some integer. Then

k-1

log H(z;u,v) = Zlog H(z;u®,u? ) + log H(z; u*", v).

i=0
By the special case that we just handled, each summand is strictly decreasing in x > 0.
Therefore, log H(x; u,v) is strictly decreasing in z > 0, and so is H(x;u,v). O
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Proof of [Lemma 5.3 Suppose k' > k > 1. We will prove the function
o)\
1—p*

is decreasing in x for each prime p and each integer a > 0. Taking a product over all primes
p, with a = a(p) = 0 for almost all p, will prove the result.
Suppose first that a = 0. In this case,

1/k
(0[5](29&)) / _ 1
1 — pr (1 _p_ﬁ)l/ﬁ7

so it suffices to prove that (1 — p"“)l/'{ is increasing. But if &’ > & then

() 0

so (1— pf’ﬁ)l/N is increasing as desired.
Suppose now that a > 0. We recall that o(p®) = po(p®~ ') + 1, so

() = ()
— po(p*™) ((p Fo(ptl) 1) — 1)% |

pr—1
Taking u =p and v = p+ o(p®!)~! in we see
((p +o(p )™ - 1) v

pr—1

is a decreasing function of k, and the result follows. O

The proof of is now straightforward.
Proof of [Theorem 5.9 For any n > 1, we have
lim (¢(k)o™ (n))

KR—00

Thus by for fixed x > 1 we have

(C(r)o™ ()" > o(n).

Suppose now that the Riemann hypothesis fails, and let b and ¢ be as in There
are infinitely many n for which

- o(n).

(C(/{)U[K}(n))l/’i > o(n) > e'nloglogn (1 + —(logcn)b) .

Rearranging, we obtain

o"(n) >

o(n)®  (e'nloglogn)” c "
o (U )

which is what we desired to show. O
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Remark 5.5. Robin’s proof of depends on the inequality
(60) x> xt/t

For fixed k > 1 and ¢ > 2, |Lemma 4.12[implies that holds for sufficiently large z, but we

have been unable to establish this inequality uniformly in ¢, nor have we been able to adapt
Robin’s original argument to route around this claim. The difficulty is due to FI*(x, a) being
more complicated than Robin’s F(z,a) = lim,_,o, F"!(z,a). We prove in the
case k = 2 in the appendix by exploiting the relative simplicity of FI? (x,a) to prove
uniformly in /.

6. AN ANALOGUE TO RAMANUJAN’S THEOREM

In this section, we prove an ineffective and then an effective version of Ramanujan’s
theorem for o). The following material is inspired by [3, Chapter 7].

6.1. An ineffective theorem. Our goal in this subsection is to prove the following analogue

to Ramanujan’s theorem, which gives the implication — in [Theorem 1.5
Theorem 6.1. Let k > 3/2 be a real number. If the Riemann hypothesis holds, then

(e"nloglogn)”
¢(x)

(61) ol"l(n) <

for all n sufficiently large.

We first prove that we can restrict our attention to k-colossally abundant numbers.

Lemma 6.2. Let iy be a positive integer. If holds for n = NZ-[“] for all i > iy, then
holds for all n > Ni[:].

Proof. Let n > N (ig). By |Corollary 4.27|, there are k-colossally abundant numbers NZ»['{]
and N with

(K] [r] [K]
Ny < N;7 <n < Nipy.

Suppose n violates . In the language of [Definition 4.28] this means 1 < G*!(n). Then
by [I'heorem 4.29| we see

1 < GM(n) < max (G[”] (NZ-[”]> Neld <Ni[i]1>> ;

so at least one of Ni[”] and Ni[fl also violates Robin’s inequality. Iterating this argument
with n larger than Ni[i]Q, our claim follows. O

We are now in a position to prove [['heorem 6.1}

Proof of [Theorem 6.1} If there is some n = N violating ([61)), then by we may
assume N = NI (¢) for some e. Writing x, for a:gi](e), tells us

N oM(p)
N& H H ’

p/d
£>1 xp1<p<zyp

Splitting off the first factor from the rest, and applying [Lemma 3.10] we have

al"(N) op) v (L—p7)
“Ne S 11 e 11 1—p

T2<p<T p<w2
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Let o := x;, and assume z > 2'°. Expanding ¢*!(p)/p* and rearranging, we obtain

N _ —K _ K —K 1 - p + 1 R
0 S <ITa-p I - Ta-s [T 4520
p<z ra<p<w p<z T2 <p<T p
Let us consider each of the above products in turn. By and (57), we have
-1 2+ B —0.977/2 a(z)
(63) 1—-p 1) <eloglog N exp + 0O <— ;
pll ( ) Valogx Vz (log z)°

where 3 =~ + 2 — log 47 = 0.04619... and «a(z) is as in ([L0).
By |[Lemma 4.13] and [Lemma 2.6] we see

-2 —9 V2 4
(64) II a-»?< I (-» )SGXP(_ﬁlog:ﬂJr\/;aogx)?)’

z2<p<z V2z<p<w
By we get
1 1.01624k2' " 1

65 1—p ") < —= 0.000052 .
(95) 1= o (e (g ooz

Finally, since /= < x5 according to [Lemma 4.13] we find by that

1—(p+1)7" I—(p+1)~" 2.1558(k + 1)
66 — < — < — .
( ) H 1 — pr H 1 — pr exp /2 logx
T2<psT p>xf

Substituting (63 , ., ., and ( into ( , we obtain
(N ~Y 2+ 6 —1. 1
o (V) _ ep(+6 977v/2)k +0( >
Nt(loglog N)s = ((k) Valogx Vz (log z)°

_ ey o (—0.7497/1 —|—O( ))
(r) P\ Valoga /7 (log 2)°

For z sufficiently large, this expression is always less than €7 /((k). O

6.2. An effective theorem. Although is quite general, it lacks the effective-

ness asserted in [Theorem 1.5] We adapt the proof of and leverage
to prove the following special case of [Theorem 1.5 Combined with this will

yield our main theorem.

Theorem 6.3. If the Riemann hypothesis holds, then

(67) o?(n) <
for all n > 2162160.

(e'nloglogn)?
¢(2)

012.1408

Remark 6.4. There are a total of 79 counterexamples to @ among 1 < n < 10! . We
list them now: 2, 3,4, 5,6, 7, 8,9, 10, 12, 14, 15, 16, 18, 20, 24, 28, 30, 36, 40, 42, 48, 54,
60, 72, 84, 90, 96, 108, 120, 126, 132, 144, 168, 180, 210, 240, 252, 300, 336, 360, 420, 480,
504, 540, 600, 630, 660, 720, 840, 1080, 1260, 1320, 1440, 1680, 2520, 3360, 3780, 4200, 4620,
5040, 7560, 9240, 10080, 12600, 13860, 15120, 18480, 27720, 32760, 55440, 65520, 83160,
110880, 166320, 360360, 720720, 1441440, 2162160.

To verify that no counterexamples exist past 2162160 up to 101012’1408, we used the code
generously supplied by Platt to calculate the result of [I4, Theorem 5], replacing the functions
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related to o with the analogous ones for o2/, The number 10107 ig the approximate value
of the largest 2-CA number we have checked which satisfies inequality @ in the 2-Robin
criterion. Specifically, this 2-CA number has prime factorization

215328519716111213121719191923%29%(31 - - - 43)8[47 - - - 79]7[83 - - - 157]°[163 - - - 431]°
[433 -+ - 1867]*[1871 - - - 20963]*[20981 - - - 2495887]%[2495947 - - - 3187251775319).

Here we use [p- - - ¢g| to denote the product of consecutive primes from p to ¢, inclusive.

Proof of [Theorem 6.3 Let x = 2. We follow the proof of [Theorem 6.1] exactly, save that we
replace the ineffective inequality with the effective inequality

B 2+0-0977v2 | 2 977/21og 2
©63) T[(-p")" < e loglog Nexp + B8 —0.977V/2 L 20(2) +0 977\/; 052\
~ Valoga 21/ (1og 1)

using and (58). Substituting (64), (67)), (66), and into ([62)), we obtain an

expression of the form

ol®(N) erv —1.4994 + €(x)
< exp :
Nr(loglog N)® —~ ((k) Valogx
where
2a(x) +0.977v2log2 +4 85
e(z) = +—
log N7
is decreasing in z on [2'%, 00). But €(2'%) < 1.4994 by [Lemma 2.7} so holds when x > 215,
A short computation finishes the proof. O
Corollary 6.5. Let k > 2. If the Riemann hypothesis holds, then
"nlogl w
(69) ot (n) < (L loglogn)

¢(r)
for all n > 2162160.

Proof. Let k > 2. By [Lemma 5.3 we have
K 1/k
(C(r)a™(n))

1/2

< (¢(2)a?(n))
But by

(((2)0[“} (n))l/2 < e'nloglogn
whenever n > 2162160. The claim follows. O

When « > 2,|Corollary 6.5 furnishes the implication — in|Theorem 1.5} conclud-

ing its proof.
7. AN ANALOGUE TO LAGARIAS’S CRITERION

Lagarias proved that the Riemann hypothesis is equivalent to the claim that the inequality
holds for n > 1 [8 Theorem 1.1]. He verified his criterion by means of the following
lemma.

Lemma 7.1 (Lagarias’ Lemma). For n > 20, we have

e'nloglogn + H, < H, + " log H, < e'nloglogn +

logn’
where H,, =), .. ., 1/m is the nth harmonic number.

Proof. [8, Lemmas 3.1 and 3.2] (see also [3, Lemma 7.17]). O
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We use [Lemma 7.1] to formulate an analogue to Lagarias’ criterion.

Theorem 7.2. Let k > 2 be given. The following are equivalent:

(1) The Riemann hypothesis holds;
(2) For n > 55440, we have

(et log Hn)ﬁ'

(70) ) < B

(3) Forn > 55440, we have

(Hn + el log Hn)n
¢(x)

Proof. —> (). By [Theorem 6.3 and [Lemma 7.1] if the Riemann hypothesis holds, we
have

(71) o(n) <

(e'nloglogn)"” - (ef"log H,)"

¢(k) - G(R)
which proves the first implication for n > 2162160. The implication follows from a direct
comparison between the first two terms in for 1 <n <2160160.

(72) o"l(n) <

(2) = (3). This is immediate.
(3) = (1)). Suppose by contradiction that for all n sufficiently large, we have
(Hn + el Jog Hny€

¢(k) ’

but the Riemann hypothesis fails. By [Theorem 5.2 and the inequality e*/? < 1 + z for all
z € (0,2), there is a real number b with 0 < b < 1 and a constant ¢ > 0 such that

(e"nloglogn)” ox c Sl
2 o () <0

for infinitely many n. On the other hand, by and by assumption, the following
inequalities hold for all n sufficiently large:

(Hn + eflnlog Hn)li
¢(r)
_ (e'nloglogn)” (1+ 7 )N
((k) e lognloglogn
e'nloglogn)” Tk
= ( C(k) ) P (e’ylognloglogn)'

But for all n sufficiently large, we have

o"(n) <

ofl(n) <

c K

>
(logn)b = eYlognloglogn’

so this is a contradiction. O

Remark 7.3. When k = 2, there are a total of 33 counterexamples to among 1 < n <
1010 We list them now: 2, 3, 4, 6, 8, 10, 12, 18, 20, 24, 30, 36, 42, 48, 60, 72, 84, 90,
120, 168, 180, 240, 360, 420, 720, 840, 1260, 1680, 2520, 5040, 27720, 55440.

Similarly, when x = 2, there are a total of 25 counterexamples to among 1 < n <
1010 " We list them now: 2, 4, 6, 12, 18, 24, 30, 36, 48, 60, 72, 84, 120, 180, 240, 360,
420, 720, 840, 1260, 1680, 2520, 5040, 27720, 55440.
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demands that n > 55440, but we need enlarge x only a little bit before the

counterexamples we have enumerated disappear.

Corollary 7.4. Given k > 3.89, the following are equivalent:

e The Riemann hypothesis holds;
e Forn > 1, we have

(Hn + el log Hn)ﬁ
¢(x)
Proof. When k = 3.89, direct computation shows that holds for each of the counterex-

amples listed in the remark above. By :Lemma 5.3|, also holds for every x > 3.89. The
corollary now follows from [Theorem 7.2} 0

Of course, also furnishes us with an ineffective version of the Lagarias criterion
for k > 3/2.

(73) o(n) <

Theorem 7.5. Let k > 3/2 be given. The following are equivalent:

(1) The Riemann hypothesis holds;
(2) For n sufficiently large, we have

; (e log H,)"

<y

(3) For n sufficiently large, we have

(Hn + el log Hn)Fi
¢(r)

8. FUTURE WORK

o(n) <

We believe that our work makes a promising start on the study of o//(n), but much work
remains to be done. A natural question is: can we reduce the threshold for x in
to 3/27

We also wish to highlight the discrepancy between the ranges of x in and
Theorem 5.2 Our proof of ails for 1 < k < 3/2 because the right-hand side
of (65) dominates the other terms in (62). Nonetheless, it would be interesting to know
whether [Theorem 6.1] still holds for smaller values of k.

All the work in this paper presumes that « > 1, but it would be both natural and
interesting to study o®(n) for x < 1. By (19)), we see

o (p ) (p") = (1 = uM(p, ) (1 —u(p, 0))

1—p\" 1
[x] _ _
e ) = (p—p‘e) ~ul(p, 0)

Thus, we expect some sort of duality between the behavior of ¢l(n) and o="(n). The
details of this correspondence, however, require further study.

Our analysis of ¢*/(n) depended on our study of s-colossally abundant numbers in
tion 41 We noted after [Definition 4.20] that if
(74) EFNEN £0

then

where

{NF ()} oy S {N €Zs : N is r-colossally abundant }
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(see [Example 4.21)). For p # ¢ fixed primes, can we find & for which holds? Does
hold for any large k7 Does hold for any integral 7

The inequality (@ is equivalent to the statement
o_1(n) < e”loglogn,

which suggests an entirely different line of inquiry: rather than studying o*l(n), we could
study

ol (n) =Y pln/d)ot,(d),

dn

1
chim) = X di .. dy

[d1,....dg]=n

which satisfies

whenever k = k > 1 is an integer. In ([17)) we determined an asymptotic for the partial sums

of 0[72]1(n); we wish to generalize this asymptotic to all x > 1 . It is not hard to show that

for any x > 1 we have

nol"l (n)
— = 1.

,
B (e7loglogn)r—1

This analogue to and invites investigation, and we are interested in devel-
oping an analogue to the Ramanujan-Robin criterion for a[ﬂ (n).

More generally, one can investigate x-analogues of Robin’s criterion @ for other arithmetic
functions of interest. For example, Nicolas [I5], [16] showed that the Riemann hypothesis
implies that ¢(n) < e”"n/loglogn for all primorials n and that the falsity of the Riemann
hypothesis would imply the reversed inequality for infinitely many primorials n. It would be

interesting to prove analogues of for
n
) =3 n (5) flay
din

with f(d) = ¢(d), and perhaps also with its cousin f(d) = 1 (d), where

U(d) =n]] (1 + %)

pld

is the Dedekind totient function.

In addition, despite the fact that Robin’s inequality (@ is out of reach, Luca, Pomerance
and Solé [12] have considered the exceptional set of positive integers n for @ They showed
that the number of n < x for which @ fails is at most x@(1/1oglog) for o+ >3 Tt may be of
interest to consider k-analogues of their results for @

Finally, Washington and Yang [26] and Vega [24] have published variants of the Ramanujan—
Robin criterion where the domain of o(n) is restricted to special prime factorizations. Ap-
plying their methods to our functions furnishes another natural line of inquiry.

APPENDIX: ROBIN’S THEOREM WHEN K = 2

Robin’s proof [19] of [Theorem 5.1|could be adapted to prove[Theorem 5.2f without recourse

to |[Lemma 5.3| if we could somehow prove the inequality
(75) T, >zl

for a > 2.
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Indeed, for colossally abundant N, Robin [19, page 205] writes
N _
I | (RSO | (R | N | QR )
p<z wa<p<z 0>2 @y <p<ay

Similarly, for x-colossally abundant N, we have

olr] 1
i Tt = s (T T 00T I G- Blo)

p<z za<p<z 0>2 g <p<ze

where

(78) E.(x)=¢x ][ 1] (1 - (;:i_z)v '

€21 x4 1<p<zy

For k > 2, a straightforward application of the prime number theorem to shows uncon-

ditionally that
1
Bulw) = exp (O <xlogx)>

for  sufficiently large, so the contribution of E,.(x) to (77)) is negligible. The remaining
terms in are in visible correspondence with the terms in . Robin’s handling of

[[<.(1- p—l)*1 goes through exactly, and by |Lemma 4.15 his handling of [, _ ., (1 — p?)
does as well. However, without , we cannot follow Robin in handling

H H (1 _ p—E—l) ‘

£>2 xp1<p<zy

In the remainder of this appendix, we prove holds when x = 2. By the argument
sketched above, this gives us a direct proof of the 2-analogue of Robin’s theorem.
By the monotonicity of Fy(z,a) in z, is equivalent to showing
Fo(2q,a) < Fe(z'*,a),
which is equivalent to
F(x1,1) < F.(z'* a).
This simplifies to
'(l.1+1/a o 1)% o (ZE . 1>n a
(o= 1 = @ e 1)
Specializing now to the case kK = 2, becomes
'(xl—l—l/a _ 1)2 _ (:lj o 1)2' a
(x— 12— (z"- e —1)2] °

(79) (r+1)f—1<

(z+1)?=1<

Letting y* = x, we have

(ya-‘rl _ 1)2 _ (ya _ 1)2' a

(y* =12 = (yot = 12|

We then factor each of the differences of two squares:
(Y 4y —2) (™t — y“)r e (y““ +y' - 2)“

(ya + yafl _ 2)(ya _ yafl)

Thus it remains to show that

(y“+1)2—1§{

yi(y" +2) < {

ya+1 +ya _ 2>a

a+2<
! _(y“+y“‘1—2
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for y* > 2. This inequality rearranges to
ply) = " +y" =2 = (" +2) " +y* T —2)" >0,

so we show that the polynomial p(y) > 0 for y* > 2. When a = 2, one may verify directly
that p(y) = 2(y* — 2)(y — 1)? > 0 for y* > 2. For a > 2, observe that this polynomial has
root 1 with multiplicity @ and root 2/¢ with multiplicity at least 1. We will show that in
fact these are all of the positive roots by using Descartes’ rule of signs and showing that the
coefficients of this polynomial has exactly a + 1 sign changes. Then it follows that p(y) > 0
for y* > 2.

Using the binomial theorem, we find that the leading term of p(y) is 2(a — 1)ya2. Writing
the ith coefficient of p(y) as ¢;, we thus have c,2 = 2(a — 1), and that ¢ = p(0) = —(—2)

For the remaining terms, we use the binomial expansions

(" +y* —2)" = i Z (j) (;) (—2)* Ty,

a(,a a— a - : a i a—1, ait+a—i+j
Yty Yyt - 2) = — (.)(])(—2) y e,
- —0

a a— a - : a i a—1 ai—i+7J
=2y +y Tt —-2) = (2) (J) (—2)e Hlyn
=0 7=0

By matching up the powers of y, we can determine the coefficients ¢, of p. We find for

0<m < a—1 that
()~ ()

along with the special case m = a — 1 where ¢,(,—1) = —2(a — 1)?. When 1 < r < a, we have

e (V) - () () (i)

We may simplify the formula for c,,, when m # 0 by writing

(1) =m0,

Cam = (—2)"™ (2 - “_Tm“> (ma_ 1) = (—2)“"”% (mi 1)‘

Thus, the sign of ¢, follows the sign of (—1)*""(3m —a — 1).
We now show that for each m satisfying 0 < m < a—1, as r increases from 1 to a — 1 the
bracketed factor of ¢, always starts positive (or zero) and switches to negative at most

once.
a _a—-m{fa
m—+1) m+1\m)’

But as
we observe that the sign of the bracket follows the sign of

m m a—m m+1
B—B - _
(r,m. a) <r> (r—a+m>+m+1<r—a+m+1)’

so that
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First observe that since a > m, B can only be negative if the central term is nonzero.
This means a — m < r < a. We now focus on the difference

m a—m m+ 1
D=— + )
r—a-+m m+1\r—a+m-+1

Since both binomial coefficients are nonzero when a — m < r < a, we have

D a—m 1 m _2a—2m—r—1 m
\r—a+m+1 r—a+m) r—a+m+1 \r—a+m)

The sign of D follows the sign of the fraction. Since in our case the denominator is positive,
D is negative precisely when r > 2a — 2m — 1.
Finally, we determine when B is negative by checking when we have

(m><r—2a+2m+1( m )
r r—a+m+1 \r—a+m
Since the right side is positive, the inequality certainly holds when the left side is zero, that
is, when r > m. Now suppose the left side is positive, so r < m. Then we have
m/! r—2a+2m+1 m!
rli(m —r)! = r—a+m+1 (r—a+m)l(a—r)"

(a—7r)  rli(r—2a+2m+1)

(m —r)! (r—a+m+1)!
from which it follows that

(a—r)a=r—=1)---(m—r+1)<r(r—=1)---(r—a+m+2)(r—2a+2m+1).

Y

Observe that each factor in the above inequality is nonnegative, and as r increases, the left
side decreases and the right side increases. Thus the direction of the inequality switches at
most once, depending on the direction of the inequality when » = m. Therefore, the sign of
B changes at most once, and this change can be detected when B is negative for r = a — 1.
Explicitly, we find that

-1 — 1
BzB(a—l,m—l,a)z—(m )—l—u( " ):a—2m+2<0

m— 2 m m—1
when
a+2
5

To summarize, we have shown that for fixed m satisfying 0 < m < a, as r increases from
1 to a — 1, the bracketed factor of ¢y, 1, starts positive (or zero for m = 0) and switches to
negative at most once.

It remains to compare the signs of c4n_1, Cam, and cgmi1 for each m between 1 and a — 1.
We have that ¢y, has the same sign as (—1)*"™ if m > (a +1)/3, is zero if m = (a 4+ 1)/3,
and has the opposite sign if m < (a +1)/3. For r =1 and m = 0 we have ¢; = 0, and for
m > 0 the sign of ¢gmq is (—1)*~™. Finally for ¢,m,_1, we have that the sign is (—1)*" for
a/2 <m — 1, zero for a/2 = m — 1, and opposite for a/2 > m — 1.

We can now tally the sign changes of ¢;. Observe that there is a one-to-one correspondence
between coefficients c,,,, 0 < m < a and the sign changes. It may help to refer to the figure
below showing the case a = 20 to see this.

In this figure we arrange the coefficients of p(y) in a square array, starting with ¢y in the
upper left corner, and then ¢, with r increasing to the right from r =1tor =a —1 = 19.
The next row represents coefficients ¢, to co,_1, and so on. There is one extra coefficient
that lives below the lower left corner for c,2. The sign of B for each coefficient is labeled,
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(ll)afm
-+
+ g
] =
Il A
+
+
— 10
ad
+] 0
_— ositivie 0
+ ® 0
—1 =
e
e
[
| negative
-+
+
+

FIGURE 1. The signs of the coefficients of p(y) in the case a = 20.

and the signs of (—1)*~™ are in a column on the left side for reference. Starting from the the
leftmost column, we initially have sign changes when we leave the column. Then starting at
the zero which occurs when m = a/2 = 10, the sign changes as we cross or enter the column.
Then when m — 1 > (a+1)/3 = 7, or m = 8, the behavior changes again. Now the sign
changes start occurring earlier, but can still be made to pair up with entries in the leftmost
column. Therefore, there are a 4+ 1 sign changes, establishing the original claim.
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